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<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>



Evolutionary Biology
<latexit sha1_base64="x+AmKtUOa4oPEUgN6mI20+/9YOE=">AAACIXicbVDLSgMxFM3Ud33Vx85NsAiuykxB1IUgiuBSwapQh5JJb9vQZDIkd6rj0H9x4UY/xZW4Ez/ErWntQq0HAodz7rm5nCiRwqLvv3uFicmp6ZnZueL8wuLScmll9dLq1HCocS21uY6YBSliqKFACdeJAaYiCVdR93jgX/XAWKHjC8wSCBVrx6IlOEMnNUrrJz0t0wFnJqNHwgXaWaNU9iv+EHScBCNSJiOcNUqfN03NUwUxcsmsrQd+gmHODAouoV+8SS0kjHdZG+qOxkyBDfPh9X265ZQmbWnjXox0qP5M5ExZm6nITSqGHfvXG4j/efUUW3thLuIkRYj590etVFLUdFAFbQoDHGXmCONGuFsp7zDDOLrCfm1CuMNb0cTOwQ5XYd4GrQBN1i+6poK/vYyTWrWyXwnOq+XDo1Fls2SDbJJtEpBdckhOyRmpEU7uyQN5Is/eo/fivXpv36MFb5RZI7/gfXwB7Pek6w==</latexit><latexit sha1_base64="x+AmKtUOa4oPEUgN6mI20+/9YOE=">AAACIXicbVDLSgMxFM3Ud33Vx85NsAiuykxB1IUgiuBSwapQh5JJb9vQZDIkd6rj0H9x4UY/xZW4Ez/ErWntQq0HAodz7rm5nCiRwqLvv3uFicmp6ZnZueL8wuLScmll9dLq1HCocS21uY6YBSliqKFACdeJAaYiCVdR93jgX/XAWKHjC8wSCBVrx6IlOEMnNUrrJz0t0wFnJqNHwgXaWaNU9iv+EHScBCNSJiOcNUqfN03NUwUxcsmsrQd+gmHODAouoV+8SS0kjHdZG+qOxkyBDfPh9X265ZQmbWnjXox0qP5M5ExZm6nITSqGHfvXG4j/efUUW3thLuIkRYj590etVFLUdFAFbQoDHGXmCONGuFsp7zDDOLrCfm1CuMNb0cTOwQ5XYd4GrQBN1i+6poK/vYyTWrWyXwnOq+XDo1Fls2SDbJJtEpBdckhOyRmpEU7uyQN5Is/eo/fivXpv36MFb5RZI7/gfXwB7Pek6w==</latexit><latexit sha1_base64="x+AmKtUOa4oPEUgN6mI20+/9YOE=">AAACIXicbVDLSgMxFM3Ud33Vx85NsAiuykxB1IUgiuBSwapQh5JJb9vQZDIkd6rj0H9x4UY/xZW4Ez/ErWntQq0HAodz7rm5nCiRwqLvv3uFicmp6ZnZueL8wuLScmll9dLq1HCocS21uY6YBSliqKFACdeJAaYiCVdR93jgX/XAWKHjC8wSCBVrx6IlOEMnNUrrJz0t0wFnJqNHwgXaWaNU9iv+EHScBCNSJiOcNUqfN03NUwUxcsmsrQd+gmHODAouoV+8SS0kjHdZG+qOxkyBDfPh9X265ZQmbWnjXox0qP5M5ExZm6nITSqGHfvXG4j/efUUW3thLuIkRYj590etVFLUdFAFbQoDHGXmCONGuFsp7zDDOLrCfm1CuMNb0cTOwQ5XYd4GrQBN1i+6poK/vYyTWrWyXwnOq+XDo1Fls2SDbJJtEpBdckhOyRmpEU7uyQN5Is/eo/fivXpv36MFb5RZI7/gfXwB7Pek6w==</latexit><latexit sha1_base64="x+AmKtUOa4oPEUgN6mI20+/9YOE=">AAACIXicbVDLSgMxFM3Ud33Vx85NsAiuykxB1IUgiuBSwapQh5JJb9vQZDIkd6rj0H9x4UY/xZW4Ez/ErWntQq0HAodz7rm5nCiRwqLvv3uFicmp6ZnZueL8wuLScmll9dLq1HCocS21uY6YBSliqKFACdeJAaYiCVdR93jgX/XAWKHjC8wSCBVrx6IlOEMnNUrrJz0t0wFnJqNHwgXaWaNU9iv+EHScBCNSJiOcNUqfN03NUwUxcsmsrQd+gmHODAouoV+8SS0kjHdZG+qOxkyBDfPh9X265ZQmbWnjXox0qP5M5ExZm6nITSqGHfvXG4j/efUUW3thLuIkRYj590etVFLUdFAFbQoDHGXmCONGuFsp7zDDOLrCfm1CuMNb0cTOwQ5XYd4GrQBN1i+6poK/vYyTWrWyXwnOq+XDo1Fls2SDbJJtEpBdckhOyRmpEU7uyQN5Is/eo/fivXpv36MFb5RZI7/gfXwB7Pek6w==</latexit>

Multi-agent Planning
<latexit sha1_base64="dhjmosYtjIYzfaE42pj1XthKEYI=">AAACInicbVC7SgNBFJ31GeMrPjqbxSDYGHZT+CiEoI2NEMFVIS5hdnKTDM7MLjN31XXJv9hY6K9YiZXgh1g6eRRGPXDhcO7rcKJEcIOe9+FMTE5Nz8wW5orzC4tLy6WV1QsTp5pBwGIR66uIGhBcQYAcBVwlGqiMBFxGN8f9/uUtaMNjdY5ZAqGkHcXbnFG0UrO0fpoK5Du0AwrduqBKcdVplspexRvA/Uv8ESmTEerN0td1K2aptEeYoMY0fC/BMKcaORPQK16nBhLKbuybhqWKSjBhPnDfc7es0nLbsbZlTQzUnxs5lcZkMrKTkmLX/O71xf96jRTb+2HOVZIiKDZ81E6Fi7Hbj8JtcQ0MRWYJZZpbry7rUk0Z2sDGLiHc4x1vYffQ32UyzDsQS0Cd9Yo2Kv93MH9JUK0cVPyzarl2NMqsQDbIJtkmPtkjNXJC6iQgjDyQR/JMXpwn59V5c96HoxPOaGeNjMH5/AblvqS7</latexit><latexit sha1_base64="dhjmosYtjIYzfaE42pj1XthKEYI=">AAACInicbVC7SgNBFJ31GeMrPjqbxSDYGHZT+CiEoI2NEMFVIS5hdnKTDM7MLjN31XXJv9hY6K9YiZXgh1g6eRRGPXDhcO7rcKJEcIOe9+FMTE5Nz8wW5orzC4tLy6WV1QsTp5pBwGIR66uIGhBcQYAcBVwlGqiMBFxGN8f9/uUtaMNjdY5ZAqGkHcXbnFG0UrO0fpoK5Du0AwrduqBKcdVplspexRvA/Uv8ESmTEerN0td1K2aptEeYoMY0fC/BMKcaORPQK16nBhLKbuybhqWKSjBhPnDfc7es0nLbsbZlTQzUnxs5lcZkMrKTkmLX/O71xf96jRTb+2HOVZIiKDZ81E6Fi7Hbj8JtcQ0MRWYJZZpbry7rUk0Z2sDGLiHc4x1vYffQ32UyzDsQS0Cd9Yo2Kv93MH9JUK0cVPyzarl2NMqsQDbIJtkmPtkjNXJC6iQgjDyQR/JMXpwn59V5c96HoxPOaGeNjMH5/AblvqS7</latexit><latexit sha1_base64="dhjmosYtjIYzfaE42pj1XthKEYI=">AAACInicbVC7SgNBFJ31GeMrPjqbxSDYGHZT+CiEoI2NEMFVIS5hdnKTDM7MLjN31XXJv9hY6K9YiZXgh1g6eRRGPXDhcO7rcKJEcIOe9+FMTE5Nz8wW5orzC4tLy6WV1QsTp5pBwGIR66uIGhBcQYAcBVwlGqiMBFxGN8f9/uUtaMNjdY5ZAqGkHcXbnFG0UrO0fpoK5Du0AwrduqBKcdVplspexRvA/Uv8ESmTEerN0td1K2aptEeYoMY0fC/BMKcaORPQK16nBhLKbuybhqWKSjBhPnDfc7es0nLbsbZlTQzUnxs5lcZkMrKTkmLX/O71xf96jRTb+2HOVZIiKDZ81E6Fi7Hbj8JtcQ0MRWYJZZpbry7rUk0Z2sDGLiHc4x1vYffQ32UyzDsQS0Cd9Yo2Kv93MH9JUK0cVPyzarl2NMqsQDbIJtkmPtkjNXJC6iQgjDyQR/JMXpwn59V5c96HoxPOaGeNjMH5/AblvqS7</latexit><latexit sha1_base64="dhjmosYtjIYzfaE42pj1XthKEYI=">AAACInicbVC7SgNBFJ31GeMrPjqbxSDYGHZT+CiEoI2NEMFVIS5hdnKTDM7MLjN31XXJv9hY6K9YiZXgh1g6eRRGPXDhcO7rcKJEcIOe9+FMTE5Nz8wW5orzC4tLy6WV1QsTp5pBwGIR66uIGhBcQYAcBVwlGqiMBFxGN8f9/uUtaMNjdY5ZAqGkHcXbnFG0UrO0fpoK5Du0AwrduqBKcdVplspexRvA/Uv8ESmTEerN0td1K2aptEeYoMY0fC/BMKcaORPQK16nBhLKbuybhqWKSjBhPnDfc7es0nLbsbZlTQzUnxs5lcZkMrKTkmLX/O71xf96jRTb+2HOVZIiKDZ81E6Fi7Hbj8JtcQ0MRWYJZZpbry7rUk0Z2sDGLiHc4x1vYffQ32UyzDsQS0Cd9Yo2Kv93MH9JUK0cVPyzarl2NMqsQDbIJtkmPtkjNXJC6iQgjDyQR/JMXpwn59V5c96HoxPOaGeNjMH5/AblvqS7</latexit>

Decision Making in Large Populations

Payoff Mechanism

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

x
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op
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state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>



Rock-Paper-Scissors Game
<latexit sha1_base64="jiRadOHmNuLkvChHKGIOFUNN0Rk="></latexit>

Prisoners’ Dilemma
<latexit sha1_base64="kIh3jfiHWQuf/gM2eIWPQPe26Ls="></latexit>

Decision Making in Large Populations

(Static) Payoff Mechanism

p
:
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<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

p(t) = F (x(t))
<latexit sha1_base64="ld0DfzvuFSJlECO6Qb1c9EwnTwo="></latexit>

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>



Decision Making in Large Populations

• Dynamic payo↵ mechanism is constructed as
<latexit sha1_base64="Bm9UYPb3mhl7GkzAlOI6IkFXpu8="></latexit>

� Multi-agent learning/decision-making problem
<latexit sha1_base64="Hk+lsWXktU0LyFohB+yI2RCIN/c="></latexit>

(Static) Payoff Mechanism
Learning 
Dynamics

x
<latexit sha1_base64="4xIQ91p7/UKUbPUCKBB8Lht1Nhg=">AAACD3icbZDLSsNAFIYn9V5vVZduBlvBVUmqUrsQBDcuFW0V2iCT6Wk7dCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze6EUBm373SpMTc/Mzs0vFBeXlldWS2vrLRNEmkOTBzLQVx4zIIUPTRQo4SrUwJQn4dIbHo/rlzegjQj8C4xDcBXr+6InOMPUOq/cVa5LZbtqZ6J/wcmhTHKdXpc+Ot2ARwp85JIZ03bsEN2EaRRcwqjYiQyEjA9ZH9op+kyBcZNs1RHdTp0u7QU6PT7SzP0+kTBlTKy8tFMxHJjftbH5X60dYe/ATYQfRgg+nzzUiyTFgI7/TbtCA0cZp8C4FumulA+YZhzTdH7chHCHt6KLg0OnxpWb9CFQgDoeZUk1MtEJ1PdyaDhfSbVqVWe3un9WKx/V8szmySbZIjvEIXVyRE7IKWkSTvrknjySJ+vBerZerNdJa8HKZzbID1lvn4vtnaE=</latexit>

p
<latexit sha1_base64="uYICFF1sVw0wM84E1HevlxCfdjw=">AAACD3icbZDLSsNAFIYnXmu9VV26GayCq5JURV0IBTcuK9pWqEEmk9N2cCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze5EUBm373ZqYnJqemS3NlecXFpeWKyurbRPGmkOLhzLUFx4zIEUALRQo4SLSwJQnoeNdH4/qnRvQRoTBOSYRuIr1A9ETnGFmnW1Gm1eVql2zc9G/4BRQJYWaV5WPSz/ksYIAuWTGdB07QjdlGgWXMCxfxgYixq9ZH7oZBkyBcdN81SHdyhyf9kKdnQBp7n6fSJkyJlFe1qkYDszv2sj8r9aNsXfgpiKIYoSAjx/qxZJiSEf/pr7QwFEmGTCuRbYr5QOmGccsnR83IdzhrfBxcOTUuXLTPoQKUCfDPKnDXHQM+7sFHDpfSbXrNWentndarzbqRWYlsk42yDZxyD5pkBPSJC3CSZ/ck0fyZD1Yz9aL9TpunbCKmTXyQ9bbJ36dnZk=</latexit>

p̄(t) = F (x(t))
<latexit sha1_base64="nikVMG7hMbqvDiTx++E4ct9+xQk="></latexit>

Dynamic Payoff Mechanism

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
<latexit sha1_base64="O6zGjENK4AZ3XBhOskcqvS3K/1Y="></latexit>

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>



Decision Making in Large Populations

• Dynamic payo↵ mechanism is constructed as
<latexit sha1_base64="Bm9UYPb3mhl7GkzAlOI6IkFXpu8="></latexit>

� Tra�c network routing problem
<latexit sha1_base64="mbKz1oReu4izWRrLiXC0jC1F5JY="></latexit>

Delay(Static) Payoff Mechanism
x

<latexit sha1_base64="4xIQ91p7/UKUbPUCKBB8Lht1Nhg=">AAACD3icbZDLSsNAFIYn9V5vVZduBlvBVUmqUrsQBDcuFW0V2iCT6Wk7dCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze6EUBm373SpMTc/Mzs0vFBeXlldWS2vrLRNEmkOTBzLQVx4zIIUPTRQo4SrUwJQn4dIbHo/rlzegjQj8C4xDcBXr+6InOMPUOq/cVa5LZbtqZ6J/wcmhTHKdXpc+Ot2ARwp85JIZ03bsEN2EaRRcwqjYiQyEjA9ZH9op+kyBcZNs1RHdTp0u7QU6PT7SzP0+kTBlTKy8tFMxHJjftbH5X60dYe/ATYQfRgg+nzzUiyTFgI7/TbtCA0cZp8C4FumulA+YZhzTdH7chHCHt6KLg0OnxpWb9CFQgDoeZUk1MtEJ1PdyaDhfSbVqVWe3un9WKx/V8szmySbZIjvEIXVyRE7IKWkSTvrknjySJ+vBerZerNdJa8HKZzbID1lvn4vtnaE=</latexit>

p
<latexit sha1_base64="uYICFF1sVw0wM84E1HevlxCfdjw=">AAACD3icbZDLSsNAFIYnXmu9VV26GayCq5JURV0IBTcuK9pWqEEmk9N2cCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze5EUBm373ZqYnJqemS3NlecXFpeWKyurbRPGmkOLhzLUFx4zIEUALRQo4SLSwJQnoeNdH4/qnRvQRoTBOSYRuIr1A9ETnGFmnW1Gm1eVql2zc9G/4BRQJYWaV5WPSz/ksYIAuWTGdB07QjdlGgWXMCxfxgYixq9ZH7oZBkyBcdN81SHdyhyf9kKdnQBp7n6fSJkyJlFe1qkYDszv2sj8r9aNsXfgpiKIYoSAjx/qxZJiSEf/pr7QwFEmGTCuRbYr5QOmGccsnR83IdzhrfBxcOTUuXLTPoQKUCfDPKnDXHQM+7sFHDpfSbXrNWentndarzbqRWYlsk42yDZxyD5pkBPSJC3CSZ/ck0fyZD1Yz9aL9TpunbCKmTXyQ9bbJ36dnZk=</latexit>

p(t) = F (x̄(t))
<latexit sha1_base64="XxHyAhOPm1jGS8Go0UlMuaHodXM="></latexit>

Dynamic Payoff Mechanism

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
<latexit sha1_base64="O6zGjENK4AZ3XBhOskcqvS3K/1Y="></latexit>

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>



Decision Making in Large Populations

• Dynamic payo↵ mechanism is constructed as
<latexit sha1_base64="Bm9UYPb3mhl7GkzAlOI6IkFXpu8="></latexit>

� Multi-robot manipulation problem
<latexit sha1_base64="h6qDF6r8WCTiL13OoSvUAPoskOo="></latexit>

Auxiliary
Dynamic Model(Static) Payoff Mechanism

x
<latexit sha1_base64="4xIQ91p7/UKUbPUCKBB8Lht1Nhg=">AAACD3icbZDLSsNAFIYn9V5vVZduBlvBVUmqUrsQBDcuFW0V2iCT6Wk7dCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze6EUBm373SpMTc/Mzs0vFBeXlldWS2vrLRNEmkOTBzLQVx4zIIUPTRQo4SrUwJQn4dIbHo/rlzegjQj8C4xDcBXr+6InOMPUOq/cVa5LZbtqZ6J/wcmhTHKdXpc+Ot2ARwp85JIZ03bsEN2EaRRcwqjYiQyEjA9ZH9op+kyBcZNs1RHdTp0u7QU6PT7SzP0+kTBlTKy8tFMxHJjftbH5X60dYe/ATYQfRgg+nzzUiyTFgI7/TbtCA0cZp8C4FumulA+YZhzTdH7chHCHt6KLg0OnxpWb9CFQgDoeZUk1MtEJ1PdyaDhfSbVqVWe3un9WKx/V8szmySbZIjvEIXVyRE7IKWkSTvrknjySJ+vBerZerNdJa8HKZzbID1lvn4vtnaE=</latexit>

p
<latexit sha1_base64="uYICFF1sVw0wM84E1HevlxCfdjw=">AAACD3icbZDLSsNAFIYnXmu9VV26GayCq5JURV0IBTcuK9pWqEEmk9N2cCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze5EUBm373ZqYnJqemS3NlecXFpeWKyurbRPGmkOLhzLUFx4zIEUALRQo4SLSwJQnoeNdH4/qnRvQRoTBOSYRuIr1A9ETnGFmnW1Gm1eVql2zc9G/4BRQJYWaV5WPSz/ksYIAuWTGdB07QjdlGgWXMCxfxgYixq9ZH7oZBkyBcdN81SHdyhyf9kKdnQBp7n6fSJkyJlFe1qkYDszv2sj8r9aNsXfgpiKIYoSAjx/qxZJiSEf/pr7QwFEmGTCuRbYr5QOmGccsnR83IdzhrfBxcOTUuXLTPoQKUCfDPKnDXHQM+7sFHDpfSbXrNWentndarzbqRWYlsk42yDZxyD5pkBPSJC3CSZ/ck0fyZD1Yz9aL9TpunbCKmTXyQ9bbJ36dnZk=</latexit>

p(t) = F (q(t))
<latexit sha1_base64="FoLk7Fo/HJTlp1RWVpzORTVSOes="></latexit>

Dynamic Payoff Mechanism

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
<latexit sha1_base64="O6zGjENK4AZ3XBhOskcqvS3K/1Y="></latexit>
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<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>



Decision Making in Large Populations

Mean Closed Loop Model
<latexit sha1_base64="uEoQxt/rxC1Dpv0K9+ZZwYaeYFU="></latexit>

Dynamic Payoff Mechanism
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<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism
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<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

• Notation:

– {1, · · · , n}: Strategy set

– x = (x1, · · · , xn) 2 X: Mean population state, where

xi = lim
N!1

# of agents adopting i

N

– p = (p1, · · · , pn) 2 Rn: Deterministic payo↵ vector assigned to x
<latexit sha1_base64="p3JSSK6w0+hlWLZXzVZTORNihZI=">AAADrXicbVJbT9RAFO7uiuJ6A3305cStBpXgdoUgJCQk+uCLBC8LJMzSTKen3QntTDMzha1N/4r/y1/iq9PuLi7CefrmXL/znQmyhGvT7/9utTt3lu7eW77fffDw0eMnK6tPj7TMFcMhk4lUJwHVmHCBQ8NNgieZQpoGCR4H5x/r+PEFKs2l+GGKDEcpjQWPOKPGuvzV1i8SYMxFyQ2m/CdWXVIjIAYnJojKA2mazF2wkVszXZ </latexit>

Decision Problem in Large Populations: Under what mean closed loop
model, the population state and payo↵ vector converge to x⇤ and p⇤ for which

x⇤
i > 0 =) p⇤i = max

1js̄
p⇤j

<latexit sha1_base64="8k0HmCNPFqMZqM/5s6URU2JqcS0="></latexit>



Multi-Population Case

Dynamic Payoff Mechanism

p
:
p
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o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism
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<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

Strategy Revision Mechanism
Strategy Revision Mechanism

• Notation (for each population k):

–
�
1, · · · , nk

 
: Strategy set for population k

– xk = (xk
1 , · · · , xk

nk): Mean population state for population k,
where

xk
i = lim

Nk!1

# of agents in population k adopting i

Nk

– pk = (pk1 , · · · , pknk): Deterministic payo↵ vector assigned to x
<latexit sha1_base64="JHl/c/Qa6gYnCxH4DPrkE0tor/w=">AAAD93icbVJNb9QwEE13+SjLR1s4chmxAbWoqjYFVFqpUiU4cKEUQT+kehs5ziRrbWJHttNuiFJ+CjfElZ/DP+AfcMXJbttd6JyeZzzvzTw7yBKuTa/3a67VvnHz1u35O5279+4/WFhcenigZa4Y7jOZSHUUUI0JF7hvuEnwKFNI0yDBw2D4pq4fnqLSXIrPpsiwn9JY8IgzamzKX5r7TQKMuSi5wZR/wapDagTE4MgEUbkrTX </latexit>



Revision Protocol and Evolutionary Dynamics Model

Dynamic Payoff Mechanism

p
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<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism
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<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

outflow from population
of i-strategists

<latexit sha1_base64="R9selZmS5S1bmVObv6ro/XSEuEI="></latexit><latexit sha1_base64="R9selZmS5S1bmVObv6ro/XSEuEI="></latexit><latexit sha1_base64="R9selZmS5S1bmVObv6ro/XSEuEI="></latexit><latexit sha1_base64="R9selZmS5S1bmVObv6ro/XSEuEI="></latexit>

inflow to population
of i-strategists

<latexit sha1_base64="Axa++zKM/yXRPfZlrK+1B7H6/ag="></latexit><latexit sha1_base64="Axa++zKM/yXRPfZlrK+1B7H6/ag="></latexit><latexit sha1_base64="Axa++zKM/yXRPfZlrK+1B7H6/ag="></latexit><latexit sha1_base64="Axa++zKM/yXRPfZlrK+1B7H6/ag="></latexit>

• Revision protocol Tji(x, p): The protocol describes the agents’ switching
rate from strategy j to strategy i, given the population state x and payo↵ p

• Evolutionary dynamics model (EDM):

ẋi(t) = Vi (x(t), p(t))

=
nX

j=1

xj(t)Tji (x(t), p(t))� xi(t)
nX

j=1

Tij (x(t), p(t))

– Examples:

⇤ BNN EDM:

ẋi(t) = [p̂i(t)]+ � xi(t)
nX

j=1

[p̂j(t)]+ , 1  i  n

⇤ Logit EDM:

ẋi(t) =
exp

�
⌘�1pi(t)

�
Ps̄

j=1 exp (⌘
�1pj(t))

� xi(t), 1  i  n
<latexit sha1_base64="w8uzb73vSHBA+ffX0yYqU2WAsMQ="></latexit>



Revision Protocol and Evolutionary Dynamics Model

Dynamic Payoff Mechanism

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

• Revision protocol Tji(x, p): The protocol describes the agents’ switching
rate from strategy j to strategy i, given the population state x and payo↵ p

• Evolutionary dynamics model (EDM):

ẋi(t) = Vi (x(t), p(t))

=
nX

j=1

xj(t)Tji (x(t), p(t))� xi(t)
nX

j=1

Tij (x(t), p(t))

– Examples:

⇤ BNN EDM:

ẋi(t) = [p̂i(t)]+ � xi(t)
nX

j=1

[p̂j(t)]+ , 1  i  n

⇤ Logit EDM:

ẋi(t) =
exp

�
⌘�1pi(t)

�
Ps̄

j=1 exp (⌘
�1pj(t))

� xi(t), 1  i  n
<latexit sha1_base64="w8uzb73vSHBA+ffX0yYqU2WAsMQ="></latexit>

(p̂i = pi �
Pn

j=1 pjxj : excess payo↵ vector)
<latexit sha1_base64="guAX7bz8wFEg9TIMMqAhJ0eBFJ4="></latexit>

• Revision protocol Tji(x, p): The protocol describes the agents’ switching
rate from strategy j to strategy i, given the population state x and payo↵ p

• Evolutionary dynamics model (EDM):

ẋi(t) = Vi (x(t), p(t))

=
nX

j=1

xj(t)Tji (x(t), p(t))� xi(t)
nX

j=1

Tij (x(t), p(t))

– Examples:

⇤ BNN EDM:

ẋi(t) = [p̂i(t)]+ � xi(t)
nX

j=1

[p̂j(t)]+ , 1  i  n

⇤ Logit EDM:

ẋi(t) =
exp

�
⌘�1pi(t)

�
Ps̄

j=1 exp (⌘
�1pj(t))

� xi(t), 1  i  n
<latexit sha1_base64="w8uzb73vSHBA+ffX0yYqU2WAsMQ="></latexit>



Payoff Dynamics Model

(Static) Payoff Mechanism
Learning 
Dynamics

x
<latexit sha1_base64="4xIQ91p7/UKUbPUCKBB8Lht1Nhg=">AAACD3icbZDLSsNAFIYn9V5vVZduBlvBVUmqUrsQBDcuFW0V2iCT6Wk7dCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze6EUBm373SpMTc/Mzs0vFBeXlldWS2vrLRNEmkOTBzLQVx4zIIUPTRQo4SrUwJQn4dIbHo/rlzegjQj8C4xDcBXr+6InOMPUOq/cVa5LZbtqZ6J/wcmhTHKdXpc+Ot2ARwp85JIZ03bsEN2EaRRcwqjYiQyEjA9ZH9op+kyBcZNs1RHdTp0u7QU6PT7SzP0+kTBlTKy8tFMxHJjftbH5X60dYe/ATYQfRgg+nzzUiyTFgI7/TbtCA0cZp8C4FumulA+YZhzTdH7chHCHt6KLg0OnxpWb9CFQgDoeZUk1MtEJ1PdyaDhfSbVqVWe3un9WKx/V8szmySbZIjvEIXVyRE7IKWkSTvrknjySJ+vBerZerNdJa8HKZzbID1lvn4vtnaE=</latexit>

p
<latexit sha1_base64="uYICFF1sVw0wM84E1HevlxCfdjw=">AAACD3icbZDLSsNAFIYnXmu9VV26GayCq5JURV0IBTcuK9pWqEEmk9N2cCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze5EUBm373ZqYnJqemS3NlecXFpeWKyurbRPGmkOLhzLUFx4zIEUALRQo4SLSwJQnoeNdH4/qnRvQRoTBOSYRuIr1A9ETnGFmnW1Gm1eVql2zc9G/4BRQJYWaV5WPSz/ksYIAuWTGdB07QjdlGgWXMCxfxgYixq9ZH7oZBkyBcdN81SHdyhyf9kKdnQBp7n6fSJkyJlFe1qkYDszv2sj8r9aNsXfgpiKIYoSAjx/qxZJiSEf/pr7QwFEmGTCuRbYr5QOmGccsnR83IdzhrfBxcOTUuXLTPoQKUCfDPKnDXHQM+7sFHDpfSbXrNWentndarzbqRWYlsk42yDZxyD5pkBPSJC3CSZ/ck0fyZD1Yz9aL9TpunbCKmTXyQ9bbJ36dnZk=</latexit>

p̄(t) = F (x(t))
<latexit sha1_base64="nikVMG7hMbqvDiTx++E4ct9+xQk="></latexit>

Dynamic Payoff Mechanism

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

• Payo↵ dynamics model (PDM):

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

where G : Rn
⇥ X ! Rn is Lipschitz continuous and H : Rn

⇥ X ! Rn is continuously
di↵erentiable and Lipschitz continuous.

– Stationary population game F̄ : There is a continuous map F̄ : X ! Rn for which

lim
t!1

kẋ(t)k = 0 =) lim
t!1

��p(t)� F̄ (x(t))
�� = 0

– Examples:

⇤ Static PDM: Given F : X ! Rn,

p(t) = F(x(t))

⇤ Smoothing-Anticipatory PDM: Given F : X ! Rn, ↵ > 0, and µI , µS , µA � 0,

q̇(t) = ↵
⇣
F (x(t))� q(t)

⌘

p(t) = µI F (x(t)) + µs q(t) + µA q̇(t)

where µI + µS = 1.
<latexit sha1_base64="7b5wv0S+mDf/6oPd/ERzB0mTS7A="></latexit>



Payoff Dynamics Model

Delay(Static) Payoff Mechanism
x

<latexit sha1_base64="4xIQ91p7/UKUbPUCKBB8Lht1Nhg=">AAACD3icbZDLSsNAFIYn9V5vVZduBlvBVUmqUrsQBDcuFW0V2iCT6Wk7dCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze6EUBm373SpMTc/Mzs0vFBeXlldWS2vrLRNEmkOTBzLQVx4zIIUPTRQo4SrUwJQn4dIbHo/rlzegjQj8C4xDcBXr+6InOMPUOq/cVa5LZbtqZ6J/wcmhTHKdXpc+Ot2ARwp85JIZ03bsEN2EaRRcwqjYiQyEjA9ZH9op+kyBcZNs1RHdTp0u7QU6PT7SzP0+kTBlTKy8tFMxHJjftbH5X60dYe/ATYQfRgg+nzzUiyTFgI7/TbtCA0cZp8C4FumulA+YZhzTdH7chHCHt6KLg0OnxpWb9CFQgDoeZUk1MtEJ1PdyaDhfSbVqVWe3un9WKx/V8szmySbZIjvEIXVyRE7IKWkSTvrknjySJ+vBerZerNdJa8HKZzbID1lvn4vtnaE=</latexit>

p
<latexit sha1_base64="uYICFF1sVw0wM84E1HevlxCfdjw=">AAACD3icbZDLSsNAFIYnXmu9VV26GayCq5JURV0IBTcuK9pWqEEmk9N2cCYJMydqCH0EF270UdyJWx/BJ3Frmgbx9sPAx3/OmTnze5EUBm373ZqYnJqemS3NlecXFpeWKyurbRPGmkOLhzLUFx4zIEUALRQo4SLSwJQnoeNdH4/qnRvQRoTBOSYRuIr1A9ETnGFmnW1Gm1eVql2zc9G/4BRQJYWaV5WPSz/ksYIAuWTGdB07QjdlGgWXMCxfxgYixq9ZH7oZBkyBcdN81SHdyhyf9kKdnQBp7n6fSJkyJlFe1qkYDszv2sj8r9aNsXfgpiKIYoSAjx/qxZJiSEf/pr7QwFEmGTCuRbYr5QOmGccsnR83IdzhrfBxcOTUuXLTPoQKUCfDPKnDXHQM+7sFHDpfSbXrNWentndarzbqRWYlsk42yDZxyD5pkBPSJC3CSZ/ck0fyZD1Yz9aL9TpunbCKmTXyQ9bbJ36dnZk=</latexit>

p(t) = F (x̄(t))
<latexit sha1_base64="XxHyAhOPm1jGS8Go0UlMuaHodXM="></latexit>

Dynamic Payoff Mechanism

p
:
p
ay
o↵
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• Payo↵ dynamics model (PDM):

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

where G : Rn
⇥ X ! Rn is Lipschitz continuous and H : Rn

⇥ X ! Rn is continuously
di↵erentiable and Lipschitz continuous.

– Stationary population game F̄ : There is a continuous map F̄ : X ! Rn for which

lim
t!1

kẋ(t)k = 0 =) lim
t!1

��p(t)� F̄ (x(t))
�� = 0

– Examples:

⇤ Static PDM: Given F : X ! Rn,

p(t) = F(x(t))

⇤ Smoothing-Anticipatory PDM: Given F : X ! Rn, ↵ > 0, and µI , µS , µA � 0,

q̇(t) = ↵
⇣
F (x(t))� q(t)

⌘

p(t) = µI F (x(t)) + µs q(t) + µA q̇(t)

where µI + µS = 1.
<latexit sha1_base64="7b5wv0S+mDf/6oPd/ERzB0mTS7A="></latexit>
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• Payo↵ dynamics model (PDM):

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

where G : Rn
⇥ X ! Rn is Lipschitz continuous and H : Rn

⇥ X ! Rn is continuously
di↵erentiable and Lipschitz continuous.

– Stationary population game F̄ : There is a continuous map F̄ : X ! Rn for which

lim
t!1

kẋ(t)k = 0 =) lim
t!1

��p(t)� F̄ (x(t))
�� = 0

– Examples:

⇤ Static PDM: Given F : X ! Rn,

p(t) = F(x(t))

⇤ Smoothing PDM: Given F : X ! Rn and ↵ > 0,

q̇(t) = ↵
⇣
F (x(t))� q(t)

⌘

p(t) = q(t)
<latexit sha1_base64="CY7ynfSsOqXN59ytLJZmrR1m0zU="></latexit>
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(EDM)
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• Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

ẋ(t) = V (x(t), p(t))

– Equilibrium set:
E
�
F̄
�
=
�
z 2 X

��V
�
z, F̄(z)

�
= 0

 

In this study,

E
�
F̄
�
=

(
NE

�
F̄
�

for EPT and IPC EDMs

PE
�
F̄ ,Q

�
for PBR EDMs†

⇤ NE
�
F̄
�
=
�
z 2 X | zi > 0 =) F̄i(z) = max1jn F̄j(z)

 

⇤ PE
�
F̄ ,Q

�
=
n
z 2 X | zi > 0 =) F̃i(z) = max1jn F̃j(z)

o
,

where F̃ = F̄ �rQ.
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E
�
F̄
�
is a projection on X of the set A of stationary points of the mean

closed loop model.
<latexit sha1_base64="I6CetUh7FgOjUhB3I2riKVGiM3E="></latexit>

⇤ A =
�
(s, z) 2 Rn

⇥ X
��V (z,H (s, z)) = 0 and H(s, z) = F̄(z)
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† PBR EDMs: ẋ(t) = argmaxy2X
⇣Pn

j=1 yjpj(t)�Q(y)
⌘
� x(t)
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(e.g. BNN EDM)
<latexit sha1_base64="qsY8fDRZiAF5AhufdMpdEifNPqw="></latexit>

(e.g. Logit EDM)
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• Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

ẋ(t) = V (x(t), p(t))

– Equilibrium set:
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where F̃ = F̄ �rQ.
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Stability Concept

(Global Asymptotic Stability) The set E(F̄) is globally asymptotically stable
if the set A of stationary points is globally attractive and Lyapunov stable.

<latexit sha1_base64="Rdm+LgO4dsAho9qmonMXbFJ/CwM="></latexit>

� F̄ : stationary population game

� E
�
F̄
�
: equilibrium set

<latexit sha1_base64="5DWxW6X2etExFg4lG+QBkDixTOQ="></latexit>

Dynamic Payoff Mechanism
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��V (z,H (s, z)) = 0 and H(s, z) = F̄(z)
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• Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

ẋ(t) = V (x(t), p(t))
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Stability Concept

� F̄ : stationary population game

� E
�
F̄
�
: equilibrium set
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Dynamic Payoff Mechanism
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(Global Asymptotic Stability) The set E(F̄) is globally asymptotically stable
if the set A of stationary points is globally attractive and Lyapunov stable.
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• Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

ẋ(t) = V (x(t), p(t))
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Applications to Finite Population Decision Problems

• Multi-robot manipulation
<latexit sha1_base64="DLg3C2CNnjKmYO5mJfbt7hktEi4="></latexit>

Cost to minimize: E
Z 1

0
f
�
XN (⌧)

�
d⌧

�

Instantaneous reward: r(t) = rf
�
XN (t)

�
<latexit sha1_base64="+QWHtZ7EcRUIJFObp/yjuyHEi+g="></latexit>

Model on waste volume:

Q̇N
i (t) =

(
�RXN

i (t) + wi if QN
i (t) > 0

max
�
0,�RXN

i (t) + wi

 
otherwise

� QN
i (t): Waste volume in cell i

� XN
i (t): Portion of the robots working in cell i

� wi: Increase rate of the waste in cell i
<latexit sha1_base64="/O7W9IFabW/k6wPdKwBovLOD3Lg="></latexit>

• Multi-agent learning/decision-making problem
<latexit sha1_base64="5HO9ExI5Gcqwene0/1lbPSPUTaA="></latexit>



Finite Population Approximation

• Poisson clock and jump times for individual agents:

– �↵: Poisson process (Poisson Clock) associated with each agent ↵

– T↵: Jump times of �↵ defined as T↵ = {t1, t2, · · · } for which

⇤ At each tk 2 T↵, the agent can revise its strategy

⇤ tk+1 � tk ⇠ exp (�)
⇣
E [tk+1 � tk] = �

⌘

<latexit sha1_base64="bGEJdxxcKNE/i20hf7adAtypsL0="></latexit>

• Notation for the finite population case:

– {1, · · · , n}: Strategy set

– XN = (XN
1 , · · · , XN

n ): Population state defined as

XN
i =

# of agents adopting i

N

– PN = (PN
1 , · · · , PN

n ): Payo↵ vector assigned to XN
<latexit sha1_base64="+8qMWgfrxBm8eHTBpEXqu3Q69EM="></latexit>



Finite Population Approximation

Agent 1
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t(1)1
<latexit sha1_base64="TwfhnI8nT0CLQ++72CB4ACXxWZA=">AAACF3icbZDNSgMxFIUz/v9bdekmWAXdlJlaqF0IghuXClYLdSyZ9LYNJpMhuaOWoY/hwo0+ijtx69Incet0OohVDwQ+zr03uTlBJIVF1/1wJianpmdm5+YXFpeWV1YLa+sXVseGQ51rqU0jYBakCKGOAiU0IgNMBRIug5vjYf3yFowVOjzHfgS+Yt1QdARnmFrNbWx518mutzfYbhWKbsnNRP+Cl0OR5DptFT6v2prHCkLkklnb9NwI/YQZFFzCYOEqthAxfsO60EwxZAqsn2QrD+hO6rRpR5v0hEgz9+dEwpS1fRWknYphz/6uDc3/as0YOwd+IsIoRgj56KFOLClqOvw/bQsDHGU/BcaNSHelvMcM45imNHYTwj3eiTb2Dr0KV37SBa0ATX+QJVXLREdQreRQ876TuiiXvP1S+axcPCrlmc2RTbJFdolHquSInJBTUiecaPJAnsiz8+i8OK/O26h1wslnNsiYnPcvu3KgUA==</latexit>

t(1)2
<latexit sha1_base64="vSGdBA3ht3RQ1cUJkYYquErq9cE=">AAACF3icbZDNSgMxFIUz/v9bdekmWAXdlJlaqF0IghuXClYLdSyZ9LYNJpMhuaOWoY/hwo0+ijtx69Incet0OohVDwQ+zr03uTlBJIVF1/1wJianpmdm5+YXFpeWV1YLa+sXVseGQ51rqU0jYBakCKGOAiU0IgNMBRIug5vjYf3yFowVOjzHfgS+Yt1QdARnmFrNbWyVr5Ndb2+w3SoU3ZKbif4FL4ciyXXaKnxetTWPFYTIJbO26bkR+gkzKLiEwcJVbCFi/IZ1oZliyBRYP8lWHtCd1GnTjjbpCZFm7s+JhClr+ypIOxXDnv1dG5r/1Zoxdg78RIRRjBDy0UOdWFLUdPh/2hYGOMp+Cowbke5KeY8ZxjFNaewmhHu8E23sHXoVrvykC1oBmv4gS6qWiY6gWsmh5n0ndVEueful8lm5eFTKM5sjm2SL7BKPVMkROSGnpE440eSBPJFn59F5cV6dt1HrhJPPbJAxOe9fvSKgUQ==</latexit>

t(1)3
<latexit sha1_base64="Ot9OH62mWGMIg1+F7KoxoGo/tYU=">AAACF3icbZDLSgMxFIYz9X6vunQTrIJuykxbqC4EwY1LBatCHUsmPW1Dk8mQnFHL0Mdw4UYfxZ24demTuHU6HcTbD4GP/5yTnPxBJIVF1313ChOTU9Mzs3PzC4tLyyvF1bVzq2PDocG11OYyYBakCKGBAiVcRgaYCiRcBP2jUf3iBowVOjzDQQS+Yt1QdARnmFrNLWxVr5Mdb3e41SqW3LKbif4FL4cSyXXSKn5ctTWPFYTIJbO26bkR+gkzKLiE4fxVbCFivM+60EwxZAqsn2QrD+l26rRpR5v0hEgz9/tEwpS1AxWknYphz/6ujcz/as0YO3t+IsIoRgj5+KFOLClqOvo/bQsDHOUgBcaNSHelvMcM45im9OMmhDu8FW3sHXg1rvykC1oBmsEwS2o/Ex1DvZbDvveV1Hml7FXLldNK6bCcZzZLNsgm2SEeqZNDckxOSINwosk9eSRPzoPz7Lw4r+PWgpPPrJMfct4+Ab7SoFI=</latexit>

t(1)4
<latexit sha1_base64="vEf1wE4JNCnvrDjQs3I6elMGhHs=">AAACF3icbZDNSgMxFIUz/lv/qi7dBKugmzJTC+pCENy4VLC2UMeSSW/bYDIZkjtqGfoYLtzoo7gTty59ErdOp4NY9UDg49x7k5sTRFJYdN0PZ2Jyanpmdm6+sLC4tLxSXF27tDo2HGpcS20aAbMgRQg1FCihERlgKpBQD25OhvX6LRgrdHiB/Qh8xbqh6AjOMLWaW9iqXic73u5gq1UsuWU3E/0LXg4lkuusVfy8amseKwiRS2Zt03Mj9BNmUHAJg8JVbCFi/IZ1oZliyBRYP8lWHtDt1GnTjjbpCZFm7s+JhClr+ypIOxXDnv1dG5r/1Zoxdg78RIRRjBDy0UOdWFLUdPh/2hYGOMp+Cowbke5KeY8ZxjFNaewmhHu8E23sHXlVrvykC1oBmv4gS+owEx3BfjWHQ+87qctK2dsrV84rpeNyntkc2SCbZId4ZJ8ck1NyRmqEE00eyBN5dh6dF+fVeRu1Tjj5zDoZk/P+BcCCoFM=</latexit>

· · ·<latexit sha1_base64="yk4YmUYM7eHEMKw83N9pOg730T4=">AAACFHicbZDNSgMxFIUz/lv/qi7dBKvgqsxUQbsQCm5cKlgttINkMrdtMJkMyR21DH0JF270UdyJW/c+iVun00GseiDwce69yc0JYiksuu6HMzU9Mzs3v7BYWlpeWV0rr29cWp0YDk2upTatgFmQIoImCpTQig0wFUi4Cm5ORvWrWzBW6OgCBzH4ivUi0RWcYWa1djo81Gh3rssVt+rmon/BK6BCCp1dlz87oeaJggi5ZNa2PTdGP2UGBZcwLHUSCzHjN6wH7QwjpsD6ab7vkO5mTki72mQnQpq7PydSpqwdqCDrVAz79ndtZP5XayfYPfJTEcUJQsTHD3UTSVHT0edpKAxwlIMMGDci25XyPjOMYxbRxE0I93gnQuwfewdc+WkPtAI0g2GeVD0XHcPhQQF17zupy1rV26/WzmuVRrXIbIFskW2yRzxySBrklJyRJuFEkgfyRJ6dR+fFeXXexq1TTjGzSSbkvH8BoKCfzw==</latexit>

· · ·<latexit sha1_base64="yk4YmUYM7eHEMKw83N9pOg730T4=">AAACFHicbZDNSgMxFIUz/lv/qi7dBKvgqsxUQbsQCm5cKlgttINkMrdtMJkMyR21DH0JF270UdyJW/c+iVun00GseiDwce69yc0JYiksuu6HMzU9Mzs3v7BYWlpeWV0rr29cWp0YDk2upTatgFmQIoImCpTQig0wFUi4Cm5ORvWrWzBW6OgCBzH4ivUi0RWcYWa1djo81Gh3rssVt+rmon/BK6BCCp1dlz87oeaJggi5ZNa2PTdGP2UGBZcwLHUSCzHjN6wH7QwjpsD6ab7vkO5mTki72mQnQpq7PydSpqwdqCDrVAz79ndtZP5XayfYPfJTEcUJQsTHD3UTSVHT0edpKAxwlIMMGDci25XyPjOMYxbRxE0I93gnQuwfewdc+WkPtAI0g2GeVD0XHcPhQQF17zupy1rV26/WzmuVRrXIbIFskW2yRzxySBrklJyRJuFEkgfyRJ6dR+fFeXXexq1TTjGzSSbkvH8BoKCfzw==</latexit>

Agent 2
<latexit sha1_base64="txu5Dp8+0WFv1oUZBhj2bxsL4Ek=">AAACFXicbVDLSgMxFM34rO+qSzfBKrgqM2NBXQgVNy4VrA/qIJn0tg0mM0NyRy1D/QkXbvRT3Ilb136JW9PpIL4OBA7n3JPcnDCRwqDrvjsjo2PjE5OlqemZ2bn5hfLi0omJU82hwWMZ67OQGZAiggYKlHCWaGAqlHAaXu0P/NNr0EbE0TH2EggU60SiLThDK53vdSDCuzV/7bJccatuDvqXeAWpkAKHl+WPi1bMU2XzXDJjmp6bYJAxjYJL6E9fpAYSxq9YB5qWRkyBCbJ84T5dt0qLtmNtT4Q0V78nMqaM6anQTiqGXfPbG4j/ec0U29tBJqIkRYj48KF2KinGdPB72hIaOMqeJYxrYXelvMs042g7+nETwi3eiBZ2d70aV0HWgVgB6l4/b2onBx2SrVpBdryvpk78qrdZ9Y/8St0vOiuRFbJKNohHtkidHJBD0iCcKHJPHsmT8+A8Oy/O63B0xCkyy+QHnLdPCeagAw==</latexit>

t(2)1
<latexit sha1_base64="5EWSEkMpRAenDi3Vy6paH72FhqI=">AAACF3icbZDNSgMxFIUz/v9bdekmWAXdlJlaqF0IghuXClYLdSyZ9LYNJpMhuaOWoY/hwo0+ijtx69Incet0OohVDwQ+zr03uTlBJIVF1/1wJianpmdm5+YXFpeWV1YLa+sXVseGQ51rqU0jYBakCKGOAiU0IgNMBRIug5vjYf3yFowVOjzHfgS+Yt1QdARnmFrNbWx518lueW+w3SoU3ZKbif4FL4ciyXXaKnxetTWPFYTIJbO26bkR+gkzKLiEwcJVbCFi/IZ1oZliyBRYP8lWHtCd1GnTjjbpCZFm7s+JhClr+ypIOxXDnv1dG5r/1Zoxdg78RIRRjBDy0UOdWFLUdPh/2hYGOMp+Cowbke5KeY8ZxjFNaewmhHu8E23sHXoVrvykC1oBmv4gS6qWiY6gWsmh5n0ndVEueful8lm5eFTKM5sjm2SL7BKPVMkROSGnpE440eSBPJFn59F5cV6dt1HrhJPPbJAxOe9fvR6gUQ==</latexit>

t(2)2
<latexit sha1_base64="gYyoDTti1bscIQSyS5FpotRcrmk=">AAACF3icbZDLSgMxFIYzXuu96tJNsAq6KTNjQV0IBTcuFawKdSyZ9LQNJpMhOaOWoY/hwo0+ijtx69Incet0Ooi3HwIf/zknOfnDWAqLrvvujI1PTE5Nl2Zm5+YXFpfKyytnVieGQ4Nrqc1FyCxIEUEDBUq4iA0wFUo4D68Ph/XzGzBW6OgU+zEEinUj0RGcYWY1N7DlX6Vb/vZgo1WuuFU3F/0LXgEVUui4Vf64bGueKIiQS2Zt03NjDFJmUHAJg9nLxELM+DXrQjPDiCmwQZqvPKCbmdOmHW2yEyHN3e8TKVPW9lWYdSqGPfu7NjT/qzUT7OwFqYjiBCHio4c6iaSo6fD/tC0McJT9DBg3ItuV8h4zjGOW0o+bEO7wVrSxd+DVuArSLmgFaPqDPKn9XHQEu7UC9r2vpM78qrdT9U/8Sr1aZFYia2SdbBGP7JI6OSLHpEE40eSePJIn58F5dl6c11HrmFPMrJIfct4+Ab7OoFI=</latexit>

t(2)3
<latexit sha1_base64="28DeeDVKhnJQc3esOZGtWcwR0eE=">AAACF3icbZDLSgMxFIYz9X6vunQTrIJuykxbqC4EwY1LBatCHUsmPW1Dk8mQnFHL0Mdw4UYfxZ24demTuHU6HcTbD4GP/5yTnPxBJIVF1313ChOTU9Mzs3PzC4tLyyvF1bVzq2PDocG11OYyYBakCKGBAiVcRgaYCiRcBP2jUf3iBowVOjzDQQS+Yt1QdARnmFrNLWxVr5Odyu5wq1UsuWU3E/0LXg4lkuukVfy4amseKwiRS2Zt03Mj9BNmUHAJw/mr2ELEeJ91oZliyBRYP8lWHtLt1GnTjjbpCZFm7veJhClrBypIOxXDnv1dG5n/1Zoxdvb8RIRRjBDy8UOdWFLUdPR/2hYGOMpBCowbke5KeY8ZxjFN6cdNCHd4K9rYO/BqXPlJF7QCNINhltR+JjqGei2Hfe8rqfNK2auWK6eV0mE5z2yWbJBNskM8UieH5JickAbhRJN78kienAfn2XlxXsetBSefWSc/5Lx9AsB+oFM=</latexit>

t(2)4
<latexit sha1_base64="PFM2dObq1MeDl3Qkl29ZmEYqZTQ=">AAACF3icbZDNSgMxFIUz/lv/qi7dBKugmzJTC+pCENy4VLC2UMeSSW/bYDIZkjtqGfoYLtzoo7gTty59ErdOp4NY9UDg49x7k5sTRFJYdN0PZ2Jyanpmdm6+sLC4tLxSXF27tDo2HGpcS20aAbMgRQg1FCihERlgKpBQD25OhvX6LRgrdHiB/Qh8xbqh6AjOMLWaW9iqXic7ld3BVqtYcstuJvoXvBxKJNdZq/h51dY8VhAil8zapudG6CfMoOASBoWr2ELE+A3rQjPFkCmwfpKtPKDbqdOmHW3SEyLN3J8TCVPW9lWQdiqGPfu7NjT/qzVj7Bz4iQijGCHko4c6saSo6fD/tC0McJT9FBg3It2V8h4zjGOa0thNCPd4J9rYO/KqXPlJF7QCNP1BltRhJjqC/WoOh953UpeVsrdXrpxXSsflPLM5skE2yQ7xyD45JqfkjNQIJ5o8kCfy7Dw6L86r8zZqnXDymXUyJuf9C8IuoFQ=</latexit>

· · ·<latexit sha1_base64="yk4YmUYM7eHEMKw83N9pOg730T4=">AAACFHicbZDNSgMxFIUz/lv/qi7dBKvgqsxUQbsQCm5cKlgttINkMrdtMJkMyR21DH0JF270UdyJW/c+iVun00GseiDwce69yc0JYiksuu6HMzU9Mzs3v7BYWlpeWV0rr29cWp0YDk2upTatgFmQIoImCpTQig0wFUi4Cm5ORvWrWzBW6OgCBzH4ivUi0RWcYWa1djo81Gh3rssVt+rmon/BK6BCCp1dlz87oeaJggi5ZNa2PTdGP2UGBZcwLHUSCzHjN6wH7QwjpsD6ab7vkO5mTki72mQnQpq7PydSpqwdqCDrVAz79ndtZP5XayfYPfJTEcUJQsTHD3UTSVHT0edpKAxwlIMMGDci25XyPjOMYxbRxE0I93gnQuwfewdc+WkPtAI0g2GeVD0XHcPhQQF17zupy1rV26/WzmuVRrXIbIFskW2yRzxySBrklJyRJuFEkgfyRJ6dR+fFeXXexq1TTjGzSSbkvH8BoKCfzw==</latexit>

···
<latexit sha1_base64="yk4YmUYM7eHEMKw83N9pOg730T4=">AAACFHicbZDNSgMxFIUz/lv/qi7dBKvgqsxUQbsQCm5cKlgttINkMrdtMJkMyR21DH0JF270UdyJW/c+iVun00GseiDwce69yc0JYiksuu6HMzU9Mzs3v7BYWlpeWV0rr29cWp0YDk2upTatgFmQIoImCpTQig0wFUi4Cm5ORvWrWzBW6OgCBzH4ivUi0RWcYWa1djo81Gh3rssVt+rmon/BK6BCCp1dlz87oeaJggi5ZNa2PTdGP2UGBZcwLHUSCzHjN6wH7QwjpsD6ab7vkO5mTki72mQnQpq7PydSpqwdqCDrVAz79ndtZP5XayfYPfJTEcUJQsTHD3UTSVHT0edpKAxwlIMMGDci25XyPjOMYxbRxE0I93gnQuwfewdc+WkPtAI0g2GeVD0XHcPhQQF17zupy1rV26/WzmuVRrXIbIFskW2yRzxySBrklJyRJuFEkgfyRJ6dR+fFeXXexq1TTjGzSSbkvH8BoKCfzw==</latexit>

· · ·<latexit sha1_base64="yk4YmUYM7eHEMKw83N9pOg730T4=">AAACFHicbZDNSgMxFIUz/lv/qi7dBKvgqsxUQbsQCm5cKlgttINkMrdtMJkMyR21DH0JF270UdyJW/c+iVun00GseiDwce69yc0JYiksuu6HMzU9Mzs3v7BYWlpeWV0rr29cWp0YDk2upTatgFmQIoImCpTQig0wFUi4Cm5ORvWrWzBW6OgCBzH4ivUi0RWcYWa1djo81Gh3rssVt+rmon/BK6BCCp1dlz87oeaJggi5ZNa2PTdGP2UGBZcwLHUSCzHjN6wH7QwjpsD6ab7vkO5mTki72mQnQpq7PydSpqwdqCDrVAz79ndtZP5XayfYPfJTEcUJQsTHD3UTSVHT0edpKAxwlIMMGDci25XyPjOMYxbRxE0I93gnQuwfewdc+WkPtAI0g2GeVD0XHcPhQQF17zupy1rV26/WzmuVRrXIbIFskW2yRzxySBrklJyRJuFEkgfyRJ6dR+fFeXXexq1TTjGzSSbkvH8BoKCfzw==</latexit>

Agent N
<latexit sha1_base64="ogshgHlvUjABKzX0LuAiCNtKkhY=">AAACFXicbVDLSgMxFM34tr6qLt0Eq+CqzFRBXQiKG1dSwdZKHSST3rbBZGZI7qhlqD/hwo1+ijtx69ovcWs6HcTXgcDhnHuSmxPEUhh03XdnZHRsfGJyarowMzs3v1BcXKqbKNEcajySkW4EzIAUIdRQoIRGrIGpQMJZcHU48M+uQRsRhafYi8FXrBOKtuAMrXR+0IEQ79aO1y6LJbfsZqB/iZeTEslRvSx+XLQiniib55IZ0/TcGP2UaRRcQr9wkRiIGb9iHWhaGjIFxk+zhft03Sot2o60PSHSTP2eSJkypqcCO6kYds1vbyD+5zUTbO/4qQjjBCHkw4faiaQY0cHvaUto4Ch7ljCuhd2V8i7TjKPt6MdNCLd4I1rY3fO2uPLTDkQKUPf6WVO7GeiQbG/lZNf7aqpeKXub5cpJpbRfyTubIitklWwQj2yTfXJEqqRGOFHknjySJ+fBeXZenNfh6IiTZ5bJDzhvnzh+oB8=</latexit>

t(N)
1

<latexit sha1_base64="JP1thQr27qn5hzsYJuL5UvX5R0U=">AAACF3icbZDNSgMxFIUz9f+/6tJNsBXqpsxUQV0IghtXomBVqGPJpLdtMJkMyR21DH0MF270UdyJW5c+iVun00GseiDwce69yc0JIiksuu6HUxgbn5icmp6ZnZtfWFwqLq+cWx0bDnWupTaXAbMgRQh1FCjhMjLAVCDhIrg5HNQvbsFYocMz7EXgK9YJRVtwhqnVKGPTu04qx5v9crNYcqtuJvoXvBxKJNdJs/h51dI8VhAil8zahudG6CfMoOAS+rNXsYWI8RvWgUaKIVNg/SRbuU83UqdF29qkJ0SauT8nEqas7akg7VQMu/Z3bWD+V2vE2N71ExFGMULIhw+1Y0lR08H/aUsY4Ch7KTBuRLor5V1mGMc0pZGbEO7xTrSwu+9tc+UnHdAK0PT6WVJ7megQdrZz2PO+kzqvVb2tau20Vjqo5plNkzWyTirEIzvkgByRE1InnGjyQJ7Is/PovDivztuwteDkM6tkRM77F+vuoG0=</latexit>

t(N)
2

<latexit sha1_base64="rK90U82o7jwamvSC0z9n3eRMTNE=">AAACF3icbZDLSgMxFIYz3q23qks3wSropsxUoXYhCG5ciYK1Qh1LJj1tg8lkSM6oZehjuHCjj+JO3Lr0Sdw6nQ7i7YfAx3/OSU7+IJLCouu+O2PjE5NT0zOzhbn5hcWl4vLKudWx4VDnWmpzETALUoRQR4ESLiIDTAUSGsH14bDeuAFjhQ7PsB+Br1g3FB3BGaZWcwNblatk63h7sNEqltyym4n+BS+HEsl10ip+XLY1jxWEyCWztum5EfoJMyi4hEHhMrYQMX7NutBMMWQKrJ9kKw/oZuq0aUeb9IRIM/f7RMKUtX0VpJ2KYc/+rg3N/2rNGDt7fiLCKEYI+eihTiwpajr8P20LAxxlPwXGjUh3pbzHDOOYpvTjJoQ7vBVt7O17u1z5SRe0AjT9QZZULRMdQXU3h5r3ldR5peztlCunldJBOc9shqyRdbJFPFIlB+SInJA64USTe/JInpwH59l5cV5HrWNOPrNKfsh5+wTtnqBu</latexit>

t(N)
3

<latexit sha1_base64="M3xgCWYCfyNNNSyFOkup3BQqQXU=">AAACF3icbZDLSgMxFIYz3u9WXboJtkLdlJkqqAtBcONKFKwt1LFk0tM2mEyG5Ixahj6GCzf6KO7ErUufxK3T6SDefgh8/Oec5OQPIiksuu67MzY+MTk1PTM7N7+wuLRcWFm9sDo2HGpcS20aAbMgRQg1FCihERlgKpBQD66PhvX6DRgrdHiO/Qh8xbqh6AjOMLWaJWxtXyXlk61BqVUouhU3E/0LXg5Fkuu0Vfi4bGseKwiRS2Zt03Mj9BNmUHAJg7nL2ELE+DXrQjPFkCmwfpKtPKCbqdOmHW3SEyLN3O8TCVPW9lWQdiqGPfu7NjT/qzVj7Oz5iQijGCHko4c6saSo6fD/tC0McJT9FBg3It2V8h4zjGOa0o+bEO7wVrSxd+DtcOUnXdAK0PQHWVL7megIdndy2Pe+krqoVrztSvWsWjys5JnNkHWyQcrEI7vkkByTU1IjnGhyTx7Jk/PgPDsvzuuodczJZ9bIDzlvn+9OoG8=</latexit>

t(N)
4

<latexit sha1_base64="AHi0n7KOs7cOs6m2BsmUS2RkEeA=">AAACF3icbZDLSgMxFIYzXuu96tJNsAq6KTO1oC6EghtXomBVqGPJpKdtaDIZkjNqGfoYLtzoo7gTty59ErdOp4N4+yHw8Z9zkpM/iKSw6Lrvztj4xOTUdGFmdm5+YXGpuLxybnVsONS5ltpcBsyCFCHUUaCEy8gAU4GEi6B3OKxf3ICxQodn2I/AV6wTirbgDFOrsYHN6nWydbw92GgWS27ZzUT/gpdDieQ6aRY/rlqaxwpC5JJZ2/DcCP2EGRRcwmD2KrYQMd5jHWikGDIF1k+ylQd0M3VatK1NekKkmft9ImHK2r4K0k7FsGt/14bmf7VGjO09PxFhFCOEfPRQO5YUNR3+n7aEAY6ynwLjRqS7Ut5lhnFMU/pxE8Id3ooWdg+8Kld+0gGtAE1/kCW1n4mOYLeaw773ldR5peztlCunlVKtnGdWIGtknWwRj+ySGjkiJ6ROONHknjySJ+fBeXZenNdR65iTz6ySH3LePgHw/qBw</latexit>

Population
<latexit sha1_base64="0yaVzvP0gu4Y7Df/cs4iPEiQ5CQ=">AAACFnicbZC7SgNBFIZnvd+NWtoMBsEq7MaAWgiCjWUEk4hxkdnJSTI4l2XmrBqWvIWFjT6Kndja+iS2bjaLePth4OM/58yc+aNYCoe+/+5NTE5Nz8zOzS8sLi2vrJbW1pvOJJZDgxtp7HnEHEihoYECJZzHFpiKJLSi6+NRvXUD1gmjz3AQQ6hYT4uu4Awz66Ju4kTmeFUq+xU/F/0LQQFlUqh+Vfq47BieKNDIJXOuHfgxhimzKLiE4cJl4iBm/Jr1oJ2hZgpcmOYbD+l25nRo19jsaKS5+30iZcq5gYqyTsWw737XRuZ/tXaC3f0wFTpOEDQfP9RNJEVDR9+nHWGBoxxkwLgV2a6U95llHLOQftyEcIe3ooP9w6DGVZj2wChAOxjmSR3komPYqxVwEHwl1axWgt1K9bRaPqoWmc2RTbJFdkhA9sgROSF10iCcaHJPHsmT9+A9ey/e67h1witmNsgPeW+fTjOhUQ==</latexit>

t1
<latexit sha1_base64="2aca+1YzGNlwjfnpVX1ez8Stajc=">AAACEXicbZDNSsNAFIUn/tb6V3XpZrAKrkpSC7ULoeDGZQXbCm0ok+ltOziThJkbtYQ+gws3+ijuxK1P4JO4NU2DWPXAwMe5987cOV4ohUHb/rAWFpeWV1Zza/n1jc2t7cLObssEkebQ5IEM9LXHDEjhQxMFSrgONTDlSWh7N+fTevsWtBGBf4XjEFzFhr4YCM4wsZqH2HMOe4WiXbJT0b/gZFAkmRq9wme3H/BIgY9cMmM6jh2iGzONgkuY5LuRgZDxGzaEToI+U2DcOF12Qo8Sp08HgU6OjzR1f07ETBkzVl7SqRiOzO/a1Pyv1olwcOrGwg8jBJ/PHhpEkmJApz+nfaGBoxwnwLgWya6Uj5hmHJN85m5CuMc70cfRmVPhyo2HEChAPZ6kSdVS0RlUKxnUnO+kWuWSc1IqX5aL9VKWWY7skwNyTBxSJXVyQRqkSTgR5IE8kWfr0XqxXq23WeuClc3skTlZ71+/jZ48</latexit>

t5
<latexit sha1_base64="jFjHoGE4mKfiw4TyWPF2hXk6qf4=">AAACEXicbZDNSsNAFIUn/tb6V3XpZrAVXJWkKtqFUHDjsoJthRrKZHrbDp1JwsyNWkKfwYUbfRR34tYn8EncmqZBrHpg4OPce2fuHC+UwqBtf1hz8wuLS8u5lfzq2vrGZmFru2mCSHNo8EAG+tpjBqTwoYECJVyHGpjyJLS84fmk3roFbUTgX+EoBFexvi96gjNMrEYJO8elTqFol+1U9C84GRRJpnqn8HnTDXikwEcumTFtxw7RjZlGwSWM8zeRgZDxIetDO0GfKTBunC47pvuJ06W9QCfHR5q6PydipowZKS/pVAwH5ndtYv5Xa0fYO3Vj4YcRgs+nD/UiSTGgk5/TrtDAUY4SYFyLZFfKB0wzjkk+Mzch3OOd6OLgzDniyo37EChAPRqnSVVT0SmcHGVQdb6TalbKzmG5clkp1spZZjmyS/bIAXHICamRC1InDcKJIA/kiTxbj9aL9Wq9TVvnrGxmh8zIev8CxjWeQA==</latexit>

t10
<latexit sha1_base64="QYsZVkN2JNmwv8n7kWOgUnTToNM=">AAACFHicbZDNSsNAFIUn/tb/qks3g63gqiS1UF0IghuXFawWaiiT6W07OJOEmRs1hLyECzf6KO7ErXufxK1pGsSqBwY+zr135s7xQikM2vaHNTM7N7+wWFpaXlldW98ob25dmiDSHNo8kIHueMyAFD60UaCETqiBKU/ClXdzOq5f3YI2IvAvMA7BVWzoi4HgDDOrU8Ve4thptVeu2DU7F/0LTgEVUqjVK39e9wMeKfCRS2ZM17FDdBOmUXAJ6fJ1ZCBk/IYNoZuhzxQYN8n3Tele5vTpINDZ8ZHm7s+JhCljYuVlnYrhyPyujc3/at0IB4duIvwwQvD55KFBJCkGdPx52hcaOMo4A8a1yHalfMQ045hFNHUTwj3eiT6Ojp0GV24yhEAB6jjNkzrKRSfQbBRw5HwndVmvOQe1+nm9clIrMiuRHbJL9olDmuSEnJEWaRNOJHkgT+TZerRerFfrbdI6YxUz22RK1vsXIGufgg==</latexit>

t15
<latexit sha1_base64="38mC8yOcwS3Zj/jWIe8J0CCrYy4=">AAACFHicbZDNSsNAFIUn/v9bdelmsBVchaRW1IUguHGpYLXQhjKZ3rRDZ5Iwc6OW0Jdw4UYfxZ24de+TuDVNg1j1wMDHuffO3Dl+LIVBx/mwpqZnZufmFxaXlldW19ZLG5vXJko0hzqPZKQbPjMgRQh1FCihEWtgypdw4/fPRvWbW9BGROEVDmLwFOuGIhCcYWY1KthO3YNhpV0qO7aTi/4Ft4AyKXTRLn22OhFPFITIJTOm6ToxeinTKLiE4VIrMRAz3mddaGYYMgXGS/N9h3Q3czo0iHR2QqS5+3MiZcqYgfKzTsWwZ37XRuZ/tWaCwZGXijBOEEI+fihIJMWIjj5PO0IDRznIgHEtsl0p7zHNOGYRTdyEcI93ooO9E7fGlZd2IVKAejDMkzrORcdwWCvg2P1O6rpqu/t29bJaPrWLzBbINtkhe8Qlh+SUnJMLUiecSPJAnsiz9Wi9WK/W27h1yipmtsiErPcvKMKfhw==</latexit>

t(2)k+1 � t(2)k ⇠ exp (�)
<latexit sha1_base64="w/nosRE4IVCBPuZgLOb8LC7jSWQ="></latexit>

t(N)
k+1 � t(N)

k ⇠ exp (�)
<latexit sha1_base64="yugKtrZaNv2E6tiJ2yKHvH87MEk="></latexit>

tk+1 � tk ⇠ exp (�/N)
<latexit sha1_base64="kbhsX2GYuexIVyToNTuNFcpJmfE="></latexit>

t(1)k+1 � t(1)k ⇠ exp (�)
<latexit sha1_base64="okJ3FbvVgK+/NcvJn1xZTJe6qTo="></latexit>

• Poisson clock and jump times for population:

� �: Poisson process (Poisson Clock) associated with the entire population defined by � =
PN

↵=1 �↵

� T: Jump times of � defined as T = {t1, t2, · · · } for which

⇤ At each tk 2 T, one (randomly selected) agent revises its strategy

⇤ tk+1 � tk ⇠ exp (�/N)
⇣
E [tk+1 � tk] = �/N

⌘

<latexit sha1_base64="nN8cG4bXMwLtPEOQDNsUEZv+Lwo="></latexit>



Finite Population Approximation

Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

ẋ(t) = V (x(t), p(t))

– F̄ : Stationary population game

– E
�
F̄
�
: Equilibrium set

<latexit sha1_base64="ZRDn8t6WNOO/rz0GvY1IS02YBj4="></latexit>

Suppose that at every t 2 T,
�
QN , PN , XN

�
changes according the the following models.

� Payo↵ dynamics model (for finite population):

lim
�!0

E


1

�

⇣
QN

i (t+ �)�QN
i (t)

⌘ ����
�
XN (t), QN (t)

�
= (z, s)

�
= Gi(s, z)

where PN (t) = H
�
QN (t), XN (t)

�
.

� Evolutionary dynamics model (for finite population):

lim
�!0

E


1

�

⇣
XN

i (t+ �)�XN
i (t)

⌘ ����
�
XN (t), PN (t)

�
= (z, r)

�
= Vi(z, r)

� Exit time from a set U ⇢ Rn
⇥ Rn:

⌧N (U) = inf{⌧ � 0 |
�
XN (⌧), QN (⌧)

�
/2 U}

<latexit sha1_base64="IZ4UwLxm/gTlQnCQunO20lpchHI="></latexit>



Finite Population Approximation

Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
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Suppose that at every t 2 T,
�
QN , PN , XN

�
changes according the the following models.

� Payo↵ dynamics model (for finite population):

lim
�!0

E


1

�

⇣
QN

i (t+ �)�QN
i (t)

⌘ ����
�
XN (t), QN (t)

�
= (z, s)

�
= Gi(s, z)

where PN (t) = H
�
QN (t), XN (t)

�
.

� Evolutionary dynamics model (for finite population):

lim
�!0

E


1

�

⇣
XN

i (t+ �)�XN
i (t)

⌘ ����
�
XN (t), PN (t)

�
= (z, r)

�
= Vi(z, r)

� Exit time from a set U ⇢ Rn
⇥ Rn:

⌧N (U) = inf{⌧ � 0 |
�
XN (⌧), QN (⌧)

�
/2 U}

<latexit sha1_base64="IZ4UwLxm/gTlQnCQunO20lpchHI="></latexit> If
�
XN (0), QN (0)

�
= (x(0), q(0)), for any t̄, � > 0, it holds that

P

 
sup

0tt̄

���
�
XN (t), QN (t)

�
� (x(t), q(t))

��� > �

!
N!1�! 0

<latexit sha1_base64="4BlUMHxk/GGLvPSlAiuMWC6Wev8="></latexit>

Ref. on Finite Population Approximation: 
* R. T. Boylan, Journal of Economic Theory, 1992
* M. Benaim and J. W. Weibull, Econometrica, 2003
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�
.

� Evolutionary dynamics model (for finite population):

lim
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E


1

�

⇣
XN

i (t+ �)�XN
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�
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�
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�
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� Exit time from a set U ⇢ Rn
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⌧N (U) = inf{⌧ � 0 |
�
XN (⌧), QN (⌧)

�
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<latexit sha1_base64="IZ4UwLxm/gTlQnCQunO20lpchHI="></latexit>

⇤ A =
�
(s, z) 2 Rn

⇥ X
��V (z,H (s, z)) = 0 and H(s, z) = F̄(z)

 
<latexit sha1_base64="6J9NJ3kncMT/Bz5x1X5qHzDCv5Y="></latexit>

If E
�
F̄
�
is asymptotically stable, for any neighborhood set U of A, it holds that

P
⇣
lim inf
N!1

⌧N (U) = +1
⌘
= 1 if

�
XN (0), QN (t)

�
2 U

<latexit sha1_base64="07WXMPeTVBZRYeXRaf1ur1gdm8w="></latexit>

Ref. on Finite Population Approximation: 
* R. T. Boylan, Journal of Economic Theory, 1992
* M. Benaim and J. W. Weibull, Econometrica, 2003



Applications – multi-agent learning/decision-making

Cost to minimize: E
Z 1

0
f
�
XN (⌧)

�
d⌧

�

Instantaneous reward: r(t) = rf
�
XN (t)

�
<latexit sha1_base64="+QWHtZ7EcRUIJFObp/yjuyHEi+g="></latexit>

(Smoothing PDM)
<latexit sha1_base64="55CGptIzPs6au97Fi7rVdAiAOPc="></latexit>

(Logit EDM)
<latexit sha1_base64="ydU3bfNKjyOXmVk0A7HbeddXkZ0="></latexit>

Mean closed loop model:
<latexit sha1_base64="aREkLwpv3qh/WzR5yCrXzxfWbTk="></latexit>

q̇i(t) = ↵ (rfi(x(t))� qi(t))

pi(t) = qi(t)

ẋi(t) =
exp pi(t)Pn
j=1 exp pj(t)

� xi(t)
<latexit sha1_base64="ky81zXIMzL7+dsu1C9Of6C+HSbY="></latexit>

Consider that, at each time instance t 2 T, one agent is uniformly randomly selected.

1. For every i, the agent examines ri(t) and updates

QN
i (t) ↵

N
QN

i (t) +
⇣
1� ↵

N

⌘
ri(t)

In expectation, it holds that

lim
�!0

E


1

�

�
QN

i (t+ �)�QN
i (t)

� ���
�
XN (t), QN (t)

�
= (z, s)

�
= ↵ (rif (z)� si)

2. The agent revises to strategy j with probability
expPN

j (t)Pn
l=1 expPN

l (t)
, where PN (t) = QN (t).

In expectation, it holds that

lim
�!0

E


1

�

�
XN

j (t+ �)�XN
j (t)

� ���
�
XN (t), PN (t)

�
= (z, r)

�
=

expPN
j (t)

Pn
l=1 expP

N
l (t)

� zj
<latexit sha1_base64="1IPCYEhSyuK+GQ5t8rJy0vZSOVE="></latexit>



Applications – multi-robot manipulation

* Joint work with Naomi Leonard (Princeton University)



Applications – multi-robot manipulation

Mean closed loop model:
<latexit sha1_base64="aREkLwpv3qh/WzR5yCrXzxfWbTk="></latexit>

q̇i(t) =

(
�Rxi(t) + wi if qi(t) > 0

max {0,�Rxi(t) + wi} otherwise

pi(t) = qi(t)

ẋi(t) =
exp pi(t)Pn
j=1 exp pj(t)

� xi(t)
<latexit sha1_base64="D5Cz48EIclN5yqCvXVIz7yH9tz0="></latexit>

• Modeling:

Q̇N
i (t) =

(
�RXN

i (t) + wi if QN
i (t) > 0

max
�
0,�RXN

i (t) + wi

 
otherwise

– QN
i (t): Waste volume in cell i

– XN
i (t): Portion of the robots working in cell i

– wi: Increase rate of the waste in cell i

• Planning policy: At each time instance t 2 T, a (uniformly) randomly se-

lected robot moves to cell j with probability expPj(t)Pn
l=1 expPl(t)

, where PN (t) = QN (t).
<latexit sha1_base64="J+q8gtJFILpXixSfLF8y9OQ9/aQ="></latexit>



Recap

� F̄ : stationary population game

� E
�
F̄
�
: equilibrium set

<latexit sha1_base64="5DWxW6X2etExFg4lG+QBkDixTOQ="></latexit>

Dynamic Payoff Mechanism

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

Strategy Revision Mechanism

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

(Global Asymptotic Stability) The set E(F̄) is globally asymptotically stable
if the set A of stationary points is globally attractive and Lyapunov stable.

<latexit sha1_base64="Rdm+LgO4dsAho9qmonMXbFJ/CwM="></latexit>

• Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

ẋ(t) = V (x(t), p(t))

– Equilibrium set:
E
�
F̄
�
=
�
z 2 X

��V
�
z, F̄(z)

�
= 0

 

In this study,

E
�
F̄
�
=

(
NE

�
F̄
�

for EPT and IPC EDMs

PE
�
F̄ ,Q

�
for PBR EDMs†

⇤ NE
�
F̄
�
=
�
z 2 X | zi > 0 =) F̄i(z) = max1js̄ F̄j(z)

 

⇤ PE
�
F̄ ,Q

�
=
n
z 2 X | zi > 0 =) F̃i(z) = max1js̄ F̃j(z)

o
,

where F̃ = F̄ �rQ.
<latexit sha1_base64="eT4WyU2CyaBsi7IzAl24TGVSgSk="></latexit>

(EDM)
<latexit sha1_base64="vdnOFNLW6ZJgar8e9ctY8i9TR4w=">AAACEXicbVBNS8NAEN3Ur1q/qh69BItQLyVpC+pBKKjgRahgW6ENZbOdtkt3k7A7UUvob/DgRX+KN/HqL/CXeDVNi1jrg4HHezO7M88NBNdoWZ9GamFxaXklvZpZW9/Y3Mpu79S1HyoGNeYLX926VIPgHtSQo4DbQAGVroCGOzgb+407UJr73g0OA3Ak7Xm8yxnFWKrlL86vDtvZnFWwEpjzxJ6SHJmi2s5+tTo+CyV4yATVumlbAToRVciZgFGmFWoIKBvQHjRj6lEJ2omSZUfmQax0zK6v4vLQTNTfExGVWg+lG3dKin391xuL/3nNELvHTsS9IETw2OSjbihM9M3x5WaHK2AohjGhTPF4V5P1qaIM43xmXkJ4wHvewf6pXWbSiXrgS0A1HCVJnYxR+sllntSLBbtUKF8Xc5XiNLM02SP7JE9sckQq5JJUSY0wwskjeSYvxpPxarwZ75PWlDGd2SUzMD6+AVs3nbw=</latexit>

(PDM)
<latexit sha1_base64="WdkfRssXqEi8gn4RbQuRmKi6mOw=">AAACEXicbVDLSsNAFJ3UV62vqks3wSLUTUnagroQCrpwI1SwD2hDmUxv26EzSZi5UUvoN7hwo5/iTtz6BX6JW9O0iLUeuHA4596Ze48bCK7Rsj6N1NLyyupaej2zsbm1vZPd3atrP1QMaswXvmq6VIPgHtSQo4BmoIBKV0DDHV5M/MYdKM197xZHATiS9j3e44xiLNXy1cvr4042ZxWsBOYisWckR2aodrJf7a7PQgkeMkG1btlWgE5EFXImYJxphxoCyoa0D62YelSCdqJk2bF5FCtds+eruDw0E/X3RESl1iPpxp2S4kD/9Sbif14rxN6pE3EvCBE8Nv2oFwoTfXNyudnlChiKUUwoUzze1WQDqijDOJ+5lxAe8J53cXBul5l0oj74ElCNxklSZxOUfnJZJPViwS4VyjfFXKU4yyxNDsghyRObnJAKuSJVUiOMcPJInsmL8WS8Gm/G+7Q1Zcxm9skcjI9vbZudxw==</latexit>
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<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

ẋ(t) = V (x(t), p(t))
<latexit sha1_base64="Z8aFmTnq4hdMJB8JpctnDywPi/Q="></latexit>

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
<latexit sha1_base64="dGcNJaMe+4E+HfFtfYChl40sIL0="></latexit>

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

� F̄ : Stationary population game

� E
�
F̄
�
: Equilibrium set

<latexit sha1_base64="CCbR+YQLEBHGQENMu4Vu+sr4Ffc="></latexit>

• �-Passivity for evolutionary dynamics models:

S
�
x(t), p(t)

�
� S

�
x(t0), p(t0)

�


Z t

t0

ẋT (⌧)ṗ(⌧) d⌧, t � t0

� S : X⇥ Rn ! R+: �-storage function (continuously di↵erentiable map)
<latexit sha1_base64="t4mJWuTKOkA/M5GJy3hg9Fn9W7g="></latexit>

• �-Antipassivity for payo↵ dynamics models:

L (x(t), q(t))� L (x(t0), q(t0))  �
Z t

t0

ẋT (⌧)ṗ(⌧) d⌧, t � t0

� L : X⇥Rn ! R+: �-antistorage function (continuously di↵erentiable map)
<latexit sha1_base64="in7Lacxw1950wy7Jd4z3G3jKo/M="></latexit>

�
NE

�
F̄
�
or PE

�
F̄ ,Q

��
<latexit sha1_base64="s1OiC+xbJQZHFW2nuaq79MNO2go="></latexit>



�
NE

�
F̄
�
or PE

�
F̄ ,Q

��
<latexit sha1_base64="s1OiC+xbJQZHFW2nuaq79MNO2go="></latexit>
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<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

ẋ(t) = V (x(t), p(t))
<latexit sha1_base64="Z8aFmTnq4hdMJB8JpctnDywPi/Q="></latexit>

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
<latexit sha1_base64="dGcNJaMe+4E+HfFtfYChl40sIL0="></latexit>

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

� F̄ : Stationary population game

� E
�
F̄
�
: Equilibrium set

<latexit sha1_base64="CCbR+YQLEBHGQENMu4Vu+sr4Ffc="></latexit>

• �-Passivity for evolutionary dynamics models:

S
�
x(t), p(t)

�
� S

�
x(t0), p(t0)

�


Z t

t0

ẋT (⌧)ṗ(⌧) d⌧, t � t0

� S : X⇥ Rn ! R+: �-storage function (continuously di↵erentiable map)
<latexit sha1_base64="t4mJWuTKOkA/M5GJy3hg9Fn9W7g="></latexit>

• �-Antipassivity for payo↵ dynamics models:

L (x(t), q(t))� L (x(t0), q(t0))  �
Z t

t0

ẋT (⌧)ṗ(⌧) d⌧, t � t0

� L : X⇥Rn ! R+: �-antistorage function (continuously di↵erentiable map)
<latexit sha1_base64="in7Lacxw1950wy7Jd4z3G3jKo/M="></latexit>

Passivity in the circuit network means the change in stored energy
is less than the supplied energy:

E(t)� E(0) 
Z t

0
v(⌧)i(⌧) d⌧

<latexit sha1_base64="xhnR2xtCKJPoFntPPki5JTaVNqU="></latexit>

Circuit Networkv
<latexit sha1_base64="qSwKjF6oEqpgUp8fMdOyyogOiTA=">AAACD3icbZDNSsNAFIUn9a/+V126GWwFVyWpSnUhFNy4VLQqtKFMprft4EwSZm7UEPoILtzoo7gTtz6CT+LWNA1i1QMDH+feO3PneKEUBm37wypMTc/MzhXnFxaXlldWS2vrlyaINIcmD2Sgrz1mQAofmihQwnWogSlPwpV3czyqX92CNiLwLzAOwVWs74ue4AxT67xyW+mUynbVzkT/gpNDmeQ67ZQ+292ARwp85JIZ03LsEN2EaRRcwnChHRkIGb9hfWil6DMFxk2yVYd0O3W6tBfo9PhIM/fnRMKUMbHy0k7FcGB+10bmf7VWhL0DNxF+GCH4fPxQL5IUAzr6N+0KDRxlnALjWqS7Uj5gmnFM05m4CeEe70QXB0eOzZWb9CFQgDoeZkkdZqJjqO/lcOh8J3VZqzq71f2zWrnh5JkVySbZIjvEIXXSICfklDQJJ33yQJ7Is/VovViv1tu4tWDlMxtkQtb7F4c0nZw=</latexit>

i
<latexit sha1_base64="5yNH6wFUbC/E2tVSKlpX2W0GFUE=">AAACD3icbZDLSsNAFIYnXuu96tLNYCu4KklVqgtBcOOyolWhDTKZnLZDZ5Iwc6KG0Edw4UYfxZ249RF8EremaRBvPwx8/OecmTO/F0lh0LbfrYnJqemZ2dLc/MLi0vJKeXXtwoSx5tDioQz1lccMSBFACwVKuIo0MOVJuPQGx6P65Q1oI8LgHJMIXMV6gegKzjCzzqqiel2u2DU7F/0LTgEVUqh5Xf7o+CGPFQTIJTOm7dgRuinTKLiE4XwnNhAxPmA9aGcYMAXGTfNVh3Qrc3zaDXV2AqS5+30iZcqYRHlZp2LYN79rI/O/WjvG7r6biiCKEQI+fqgbS4ohHf2b+kIDR5lkwLgW2a6U95lmHLN0ftyEcIe3wsf+oWNz5aY9CBWgToZ5Uge56BgauwUcOF9JXdRrzk5t77ReOXKKzEpkg2ySbeKQBjkiJ6RJWoSTHrknj+TJerCerRfrddw6YRUz6+SHrLdPcZKdjw==</latexit>

�<latexit sha1_base64="jB7gdQYrY/2104MYFt68BiK++2A=">AAACD3icbZDNSsNAFIUn9a/+V126GayCG0tSFXUhFNy4VLRaaINMprft0JkkzNyoIfQRXLjRR3Enbn0En8StaRrEqgcGPs69d+bO8UIpDNr2h1WYmJyaninOzs0vLC4tl1ZWr0wQaQ51HshANzxmQAof6ihQQiPUwJQn4drrnwzr17egjQj8S4xDcBXr+qIjOMPUutjc2bwple2KnYn+BSeHMsl1dlP6bLUDHinwkUtmTNOxQ3QTplFwCYO5VmQgZLzPutBM0WcKjJtkqw7oVuq0aSfQ6fGRZu7PiYQpY2LlpZ2KYc/8rg3N/2rNCDuHbiL8MELw+eihTiQpBnT4b9oWGjjKOAXGtUh3pbzHNOOYpjN2E8I93ok29o4dmys36UKgAHU8yJI6ykRHcLCXw5HzndRVteLsVvbPq+Wak2dWJOtkg2wThxyQGjklZ6ROOOmSB/JEnq1H68V6td5GrQUrn1kjY7LevwANup1T</latexit>

+
<latexit sha1_base64="dP4AV3DZaZ5EUa3RYZxiwpGjYqc=">AAACD3icbZDNSsNAFIUn9a/+V126GayCIJSkKupCKLhxqWi10AaZTG/boTNJmLlRQ+gjuHCjj+JO3PoIPolb0zSIVQ8MfJx778yd44VSGLTtD6swMTk1PVOcnZtfWFxaLq2sXpkg0hzqPJCBbnjMgBQ+1FGghEaogSlPwrXXPxnWr29BGxH4lxiH4CrW9UVHcIapdbG5s3lTKtsVOxP9C04OZZLr7Kb02WoHPFLgI5fMmKZjh+gmTKPgEgZzrchAyHifdaGZos8UGDfJVh3QrdRp006g0+MjzdyfEwlTxsTKSzsVw575XRua/9WaEXYO3UT4YYTg89FDnUhSDOjw37QtNHCUcQqMa5HuSnmPacYxTWfsJoR7vBNt7B07Nldu0oVAAep4kCV1lImO4GAvhyPnO6mrasXZreyfV8s1J8+sSNbJBtkmDjkgNXJKzkidcNIlD+SJPFuP1ov1ar2NWgtWPrNGxmS9fwEKZp1R</latexit>
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Payoff Dynamics Model and Evolutionary
Dynamics Model: Feedback and Convergence to

Equilibria
Shinkyu Park, Nuno C. Martins, and Jeff S. Shamma

Abstract—We consider that at every instant each member of
a population, which we refer to as an agent, selects one strategy
out of a finite set. The agents are nondescript, and their strategy
choices are described by the so-called population state vector,
whose entries are the portions of the population selecting each
strategy. Likewise, each entry of the so-called payoff vector
is the reward attributed to a strategy. We consider that a
finite-dimensional nonlinear dynamical system, denoted as payoff
dynamics model (PDM), specifies a mechanism that determines
the payoff as a causal map of the population state. A bounded-
rationality protocol, which is often inspired on evolutionary
biology principles, governs how each agent continually revises
its strategy based on complete or partial knowledge of the popu-
lation state and payoff. The population is protocol-homogeneous
but is otherwise strategy-heterogeneous considering that the
agents are allowed to select distinct strategies concurrently. A
stochastic mechanism determines the instants when agents revise
their strategies, but we consider that the population is large
enough that, with high probability, the population state can be
approximated with arbitrary accuracy uniformly over any finite
horizon by a so-called (deterministic) mean population state. We
propose an approach that takes advantage of passivity principles
to obtain sufficient conditions determining, for a given protocol
and PDM, when the mean population state is guaranteed to
converge to a meaningful set of equilibria, which could be either
an appropriately defined extension of Nash’s for the PDM or a
perturbed version of it. By generalizing and unifying previous
work, our framework also provides a foundation for future
work. We specialize our results for well-known protocols and
a class of PDM that includes as particular cases the payoff
mechanisms proposed in previous work to model learning, inertia,
and anticipation.

Index Terms—Population games, game theory, passivity, Nash
equilibrium, evolutionary dynamics, Lyapunov stability, opti-
mization

I. INTRODUCTION

We report on a theoretical framework and analytic methods
to determine the time-evolution of the strategy choices, out
of a finite set with n elements, by the members of a large
population in response to a payoff mechanism. Although we
assume that there is a single population, the techniques and
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methods put forth in this article can be readily adapted to the
multi-population case.

We adopt the evolutionary dynamic paradigm well-
documented in [1]–[3] according to which the members of
the population, which we call agents, repeatedly revise their
strategy choices according to a given mechanism modeled
by a so-called revision protocol (protocol for short). The
population is protocol-homogeneous because all of its agents
follow the same revision mechanism, but is otherwise strategy-
heterogeneous considering that the agents are allowed to con-
currently select distinct strategies. Although mixed strategies
are not allowed as each agent chooses exactly one strategy at
every instant, the protocol may be probabilistic when the revi-
sion mechanism involves randomization. The identity of each
agent is unimportant, and consequently all the information that
is relevant, at any given instant, is encapsulated in the so-called
population state vector whose entries quantify the portions of
the population adopting each strategy. Henceforth, we refer to
the set of all possible population states, or equivalently the
state space, as the strategy profile set. Hence, every strategy
profile is a vector with n nonnegative entries adding up to the
so-called population mass m.

In most related prior work, a so-called population game [4]
determines at any given instant the n-dimensional payoff vec-
tor, which quantifies the reward associated with each strategy,
as a function of the population state. A population game
may represent a pricing scheme that is implemented by a
coordinator, or it may model a payoff mechanism resulting
from the interactions among the agents and with the envi-
ronment. Examples include congestion population games for
traffic assignment [5], [6] and others, such as with wars of
attrition [7], that are obtained by matching of a stage normal-
form game. The set of Nash equilibria of a population game
can be functionally defined in the usual way, and may be
interpreted in the mass-action sense discussed in [8], which
was originally suggested in [9].

A. Population games, protocols and stability
Our work focuses on the protocol classes surveyed in [2],

[3], which are inspired, to a great extent, on elementary
bounded rationality mechanisms of evolutionary biology [10].
As is explained in [2, § 2.3] and [11], the protocol models
how much each agent knows about the payoff vector and
the population state, and how it uses the available informa-
tion to revise its strategy. Consequently, under the widely-
used assumption that agents revise their strategies at times

arXiv:1903.02018
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Stability Analysis in Evolutionary Game Theory

• Evolutionary dynamics and stable (contractive) games:

ẋi(t) =
nX

j=1

xj(t)Tji (x(t),F(x(t)))� xi(t)
nX

j=1

Tij (x(t),F(x(t)))

– Population game F : X ! Rn is called contractive if

(y � z)T (F(y)� F(z))  0, 8y, z 2 X

⇤ (Example) Concave potential game:

F(z) = rf(z), 8z 2 X

where f : X ! R is a concave function.

– Under EPT, IPC, PBR dynamics, the Nash equilibria
are asymptotically stable.
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Abstract: The class of “stable games”, introduced by Hofbauer and Sandholm in 2009,
has the attractive property of admitting global convergence to equilibria under many
evolutionary dynamics. We show that stable games can be identified as a special case of
the feedback-system-theoretic notion of a “passive” dynamical system. Motivated by this
observation, we develop a notion of passivity for evolutionary dynamics that complements
the definition of the class of stable games. Since interconnections of passive dynamical
systems exhibit stable behavior, we can make conclusions about passive evolutionary
dynamics coupled with stable games. We show how established evolutionary dynamics
qualify as passive dynamical systems. Moreover, we exploit the flexibility of the definition
of passive dynamical systems to analyze generalizations of stable games and evolutionary
dynamics that include forecasting heuristics as well as certain games with memory.

Keywords: population games; evolutionary games; passivity theory

1. Introduction

Evolutionary game theory (e.g., [1]), along with the related topic of learning in games, explores the
dynamics of interacting players or populations. The framework entails introducing an “evolutionary
dynamic” (or behavioral rule) and proceeding to analyze the resulting trajectories that a game induces.
One of the goals of evolutionary game theory is to understand how rational solution concepts, such as
Nash equilibrium, can emerge and be selected through simplistic evolutionary interactions. Oftentimes,
an evolutionary dynamic for a specific game need not induce any stable equilibrium points. Indeed,
different evolutionary dynamics can produce outcomes ranging from chaos to convergence (cf., [2]

Stability Analysis in Evolutionary Game Theory

• Evolutionary dynamics and stable (contractive) games:

ẋi(t) =
nX

j=1

xj(t)Tji (x(t), p(t))� xi(t)
nX

j=1

Tij (x(t), p(t))

pi(t) = Fi(x(t))

– Population game F : X ! Rn is called contractive if

(y � z)T (F(y)� F(z))  0, 8y, z 2 X

⇤ Contractive population games are �-antipassive.

– Under EPT, IPC, PBR dynamics, the Nash equilibria
are asymptotically stable.

⇤ EPT, IPC, PBR dynamics are �-passive.
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Payoff Dynamics Model and Evolutionary
Dynamics Model: Feedback and Convergence to

Equilibria
Shinkyu Park, Nuno C. Martins, and Jeff S. Shamma

Abstract—We consider that at every instant each member of
a population, which we refer to as an agent, selects one strategy
out of a finite set. The agents are nondescript, and their strategy
choices are described by the so-called population state vector,
whose entries are the portions of the population selecting each
strategy. Likewise, each entry of the so-called payoff vector
is the reward attributed to a strategy. We consider that a
finite-dimensional nonlinear dynamical system, denoted as payoff
dynamics model (PDM), specifies a mechanism that determines
the payoff as a causal map of the population state. A bounded-
rationality protocol, which is often inspired on evolutionary
biology principles, governs how each agent continually revises
its strategy based on complete or partial knowledge of the popu-
lation state and payoff. The population is protocol-homogeneous
but is otherwise strategy-heterogeneous considering that the
agents are allowed to select distinct strategies concurrently. A
stochastic mechanism determines the instants when agents revise
their strategies, but we consider that the population is large
enough that, with high probability, the population state can be
approximated with arbitrary accuracy uniformly over any finite
horizon by a so-called (deterministic) mean population state. We
propose an approach that takes advantage of passivity principles
to obtain sufficient conditions determining, for a given protocol
and PDM, when the mean population state is guaranteed to
converge to a meaningful set of equilibria, which could be either
an appropriately defined extension of Nash’s for the PDM or a
perturbed version of it. By generalizing and unifying previous
work, our framework also provides a foundation for future
work. We specialize our results for well-known protocols and
a class of PDM that includes as particular cases the payoff
mechanisms proposed in previous work to model learning, inertia,
and anticipation.

Index Terms—Population games, game theory, passivity, Nash
equilibrium, evolutionary dynamics, Lyapunov stability, opti-
mization

I. INTRODUCTION

We report on a theoretical framework and analytic methods
to determine the time-evolution of the strategy choices, out
of a finite set with n elements, by the members of a large
population in response to a payoff mechanism. Although we
assume that there is a single population, the techniques and

Shinkyu Park is with Senseable City Laboratory and Computer Science
and Artificial Intelligence Laboratory, Massachusetts Institute of Technology,
Cambridge, MA 02139, USA. shinkyu@mit.edu

Nuno Miguel Lara Cintra Martins is with the Department of Electrical and
Computer Engineering and the Institute for Systems Research, University of
Maryland, College Park, MD, 20742, USA. nmartins@umd.edu

Jeff S. Shamma is with King Abdullah University of Science and
Technology (KAUST), Computer, Electrical and Mathematical Science
and Engineering Division (CEMSE), Thuwal 23955-6900, Saudi Ara-
bia.jeff.shamma@kaust.edu.sa

methods put forth in this article can be readily adapted to the
multi-population case.

We adopt the evolutionary dynamic paradigm well-
documented in [1]–[3] according to which the members of
the population, which we call agents, repeatedly revise their
strategy choices according to a given mechanism modeled
by a so-called revision protocol (protocol for short). The
population is protocol-homogeneous because all of its agents
follow the same revision mechanism, but is otherwise strategy-
heterogeneous considering that the agents are allowed to con-
currently select distinct strategies. Although mixed strategies
are not allowed as each agent chooses exactly one strategy at
every instant, the protocol may be probabilistic when the revi-
sion mechanism involves randomization. The identity of each
agent is unimportant, and consequently all the information that
is relevant, at any given instant, is encapsulated in the so-called
population state vector whose entries quantify the portions of
the population adopting each strategy. Henceforth, we refer to
the set of all possible population states, or equivalently the
state space, as the strategy profile set. Hence, every strategy
profile is a vector with n nonnegative entries adding up to the
so-called population mass m.

In most related prior work, a so-called population game [4]
determines at any given instant the n-dimensional payoff vec-
tor, which quantifies the reward associated with each strategy,
as a function of the population state. A population game
may represent a pricing scheme that is implemented by a
coordinator, or it may model a payoff mechanism resulting
from the interactions among the agents and with the envi-
ronment. Examples include congestion population games for
traffic assignment [5], [6] and others, such as with wars of
attrition [7], that are obtained by matching of a stage normal-
form game. The set of Nash equilibria of a population game
can be functionally defined in the usual way, and may be
interpreted in the mass-action sense discussed in [8], which
was originally suggested in [9].

A. Population games, protocols and stability
Our work focuses on the protocol classes surveyed in [2],

[3], which are inspired, to a great extent, on elementary
bounded rationality mechanisms of evolutionary biology [10].
As is explained in [2, § 2.3] and [11], the protocol models
how much each agent knows about the payoff vector and
the population state, and how it uses the available informa-
tion to revise its strategy. Consequently, under the widely-
used assumption that agents revise their strategies at times

• �-Passivity for evolutionary dynamics models:
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�S

�
x(t0), p(t0)

�


Z t

t0
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• �-Antipassivity for payo↵ dynamics models:
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S (x(t), p(t)) + L (x(t), q(t))
t!1�! 0

=) E
�
F̄
�
is asymptotically stable
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• Evolutionary dynamics model and payo↵ dynamics model:

ẋi(t) =
nX

j=1

xj(t)Tji (x(t), p(t))� xi(t)
nX

j=1

Tij (x(t), p(t))

q̇i(t) = Gi (q(t), x(t))

pi(t) = Hi(q(t), x(t))
<latexit sha1_base64="Dvt7tmlkfJLPbgN2jHbIiR/HzJg="></latexit>

arXiv:1903.02018

Payo↵ Dynamics Model
<latexit sha1_base64="XD0XAvmohvGYAV1rL+0D0xt6t9k="></latexit>



Passivity Approaches in Evolutionary Game Theory

123

S PR I N G E R  B R I E FS  I N  E L E C T R I C A L  A N D  CO M P U T E R
ENG INEER ING   CO N T R O L ,  AU TO M AT I O N  A N D  R O B OT I C S

Murat Arcak
Chris Meissen
Andrew Packard

Networks of 
Dissipative Systems
Compositional 
Certification 
of Stability, 
Performance, and 
Safety

• Equilibrium-independent passivity:

Sp⇤(x(t), p(t))� Sp⇤(x(t0), p(t0))


Z t

t0

(x(⌧)� x⇤)T (p(⌧)� p⇤) d⌧

holds for every stationary point (x⇤, p⇤) of EDM.
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On Passivity, Reinforcement Learning and Higher-Order Learning in
Multi-Agent Finite Games

Bolin Gao and Lacra Pavel

Abstract—In this paper, we propose a passivity-based method-
ology for analysis and design of reinforcement learning in
multi-agent finite games. Starting from a known exponentially-
discounted reinforcement learning scheme, we show that con-
vergence to a Nash distribution can be shown in the class
of games characterized by the monotonicity property of their
(negative) payoff. We further exploit passivity to propose a class
of higher-order schemes that preserve convergence properties,
can improve the speed of convergence and can even converge in
cases whereby their first-order counterpart fail to converge. We
demonstrate these properties through numerical simulations for
several representative games.

I. INTRODUCTION

In multi-agent reinforcement learning in games, an agent
repeatedly adjusts his strategy in response to a stream of
payoffs which are in turn dependent on the actions of the other
agents. The objective is for agents to arrive at a strategy profile
that yields the best obtainable outcome for each of them, under
information-constraints or in the presence of noise. Whether
such an action profile can be reached depends on the learning
process used by the collection of these agents. Learning in
finite games typically involves discrete-time stochastic pro-
cesses, where stochasticity arises from the agents’ randomized
choices, [1]–[7]. A key approach to analyzing such processes
is based on the ordinary differential equation (ODE) method
of stochastic approximation, a method which relates their
behaviour to that of a “mean field” ODE, [8]. Motivated by
this, we follow [5], [9], [10], [12] and consider a reinforcement
learning scheme directly in continuous-time. By so doing, we
are able to focus on the relationship between reinforcement
learning, convex analysis, and passivity. 1

Our starting point is a variant of the continuous-time
exponentially-discounted learning (EXP-D-RL) in [5], ver-
sions of which are also known as the exponential-weight
algorithm [12], or Q-learning, [3], [6]. Under this continuous-
time learning process, each agent maintains a vector of scores
for all his actions, based on aggregation of his exponentially-
discounted stream of payoffs. These scores are then converted
into mixed strategies using a static logit (soft-max) rule which
assigns choice probabilities proportionally to the exponential
of each action’s score. The resulting learning dynamics de-
scribes the evolution of the scores (dual variables), rather than
of the mixed strategies (primal variables). The same score
dynamics results also from stochastic-approximation of a Q-
learning scheme, which was shown in [3] to converge to a

This work was supported by NSERC Grant (261764). B. Gao and L.
Pavel are with the Department of Electrical and Computer Engineering,
University of Toronto, Canada. bolin.gao@mail.utoronto.ca,
pavel@ece.utoronto.ca

1One could use the results developed in this paper to analyze discrete-time
learning schemes as in [3], [5], but we leave this for future work.

Nash distribution (logit equilibria) in 2-player zero-sum and
partnership (potential) games. It is also related to the scheme
proposed in [6] for traffic games in a repeated-game setup
and shown to converge to a Nash distribution in N -player
potential games. The strategy dynamics induced by this score
dynamics is analyzed in [5] and proved to converge towards
logit equilibria in potential games. With the exception of
[3], the majority of these works have focused exclusively on
convergence in potential games, [4]–[6], [13]. In contrast, less
attention has been paid to stable games [14], [15], which
encompass zero-sum games, potential games with concave
payoffs and include well-known examples from evolutionary
game theory such as the Rock-Paper-Scissors (RPS) game.

Motivated by the above, in this paper, we exploit passivity
techniques and the natural monotonicity property associated
with this class of games to show convergence to a Nash
distribution. The use of passivity to investigate game dynamics
was first proposed in [16] for population games, based on the
notion of �-passivity. The authors showed that certain game
dynamics and the class of stable games, naturally satisfy this
type of passivity. The coupling between a �-passive system
with a stable game implies a stable behaviour in the closed-
loop solution. [17] showed that if an evolutionary dynamic
does not satisfy a passivity property, then it is possible to
construct a higher-order stable game that results in instability.
Here we use an alternative concept, that of equilibrium-
independent passivity, [18]. This allows us to directly address
convergence towards equilibria. We note that equilibrium-
independent passivity was used recently in [19] for continuous-
kernel games, to relax the assumption on perfect-information
on other players’ actions.

Contributions. Our contributions are twofold: we show (1)
that a passivity framework can be used to prove convergence
of reinforcement learning in finite games, and (2) that its
principles can be used towards designing higher-order learning
dynamics that preserve convergence to a Nash distribution.
Our approach is based on reformulating the overall learning
dynamics of all agents as a feedback interconnected system.
We show that the continuous-time EXP-D-RL scheme, [5], can
be naturally posed as a payoff-feedback system in the dual
space, where the forward system satisfies more than passivity,
namely it is output strictly (equilibrium-independent) passive.
We exploit its particular storage function, related to a Bregman
divergence, as a Lyapunov function and show convergence
of EXP-D-RL to a Nash distribution (logit equilibrium) in
any N -player game for which the (negative) payoff is merely
monotone, not necessarily strict. To the best of our knowledge,
this is the first convergence result for such games. This class of
games corresponds to the class of stable games in population
games [15], and to the class of monotone games in continuous
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• Exponentially-discounted RL dynamics:

ṗi(t) = ↵ (Fi(x(t))� pi(t))

xi(t) = exp ⌘�1pi(t)Pn
j=1 exp ⌘�1pj(t)

, 1  i  n

– Convergence to the equilibrium state

p⇤i = Fi (x⇤), x⇤
i = exp ⌘�1p⇤

iPn
j=1 exp ⌘�1p⇤

j
, 1  i  n
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• Equilibrium-independent passivity:

Sp⇤(x(t), p(t))� Sp⇤(x(t0), p(t0))


Z t

t0

(x(⌧)� x⇤)T (p(⌧)� p⇤) d⌧

holds for every stationary point (x⇤, p⇤) of EDM.
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Simulations

Rock-Paper-Scissors Game
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� Strategy set: {1, 2, 3}

� Population state: x(t) = (x1(t), x2(t), x3(t))

� Payo↵ vector: p(t) = (p1(t), p2(t), p3(t))
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• Mean closed loop model
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p(t) =
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@
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1

Ax(t)

– BNN EDM:

ẋi(t) = [p̂i(t)]+ � xi(t)
3X

j=1

[p̂j(t)]+ , 1  i  3
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� Logit EDM:

ẋi(t) =
exp 0.5 pi(t)P3
j=1 exp 0.5 pj(t)

� xi(t), 1  i  3
<latexit sha1_base64="GROKpvbdf6zxdReuZCJsP2+kdaI="></latexit>

Logit EDM is �-passive with surplus 2
<latexit sha1_base64="WRmc4aYMS84ix4gG6hD1vCvOi+c="></latexit>



Simulations

Rock-Paper-Scissors Game
<latexit sha1_base64="jiRadOHmNuLkvChHKGIOFUNN0Rk="></latexit>

� Strategy set: {1, 2, 3}

� Population state: x(t) = (x1(t), x2(t), x3(t))

� Payo↵ vector: p(t) = (p1(t), p2(t), p3(t))
<latexit sha1_base64="HRo4+fxmbGhi+SiEMvNj7duOEcw="></latexit>

• Mean closed loop model

– Smoothing PDM:
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ẋi(t) = [p̂i(t)]+ � xi(t)
3X

j=1

[p̂j(t)]+ , 1  i  3

<latexit sha1_base64="q5GRlQUJ6tWAzzCLnPE8BB4Akuo="></latexit>

• Payo↵ Mechanism:
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Static PDM is �-antipassive
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Summary

(Global Asymptotic Stability) The set E(F̄) is globally asymptotically stable
if the set A of stationary points is globally attractive and Lyapunov stable.
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• Mean closed loop model:

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))

ẋ(t) = V (x(t), p(t))

– Equilibrium set:
E
�
F̄
�
=
�
z 2 X

��V
�
z, F̄(z)

�
= 0

 

In this study,

E
�
F̄
�
=

(
NE

�
F̄
�

for EPT and IPC EDMs

PE
�
F̄ ,Q

�
for PBR EDMs†

⇤ NE
�
F̄
�
=
�
z 2 X | zi > 0 =) F̄i(z) = max1jn F̄j(z)

 

⇤ PE
�
F̄ ,Q

�
=
n
z 2 X | zi > 0 =) F̃i(z) = max1jn F̃j(z)

o
,

where F̃ = F̄ �rQ.
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ẋ(t) = V (x(t), p(t))
<latexit sha1_base64="Z8aFmTnq4hdMJB8JpctnDywPi/Q="></latexit>

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
<latexit sha1_base64="dGcNJaMe+4E+HfFtfYChl40sIL0="></latexit>

x
:
p
op

u
lation

state
<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

� F̄ : Stationary population game

� E
�
F̄
�
: Equilibrium set

<latexit sha1_base64="CCbR+YQLEBHGQENMu4Vu+sr4Ffc="></latexit>



Summary

Payoff Dynamics Model

Evolutionary Dynamics Model

p
:
p
ay
o↵

<latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit><latexit sha1_base64="Cucvz3F7cXixo1N4PhLsgM69l68=">AAACFnicbVC7TgMxEPTxfhOgpLEISFTRHRQ8JCQEDWWQCCCFU+Rz9hIr9vlk7wGnUz6DggY+hQrR0vIltDiPghBGWmk0s2vvTpRKYdH3v7yJyanpmdm5+YXFpeWV1dLa+rXVmeFQ41pqcxsxC1IkUEOBEm5TA0xFEm6iznnPv7kHY4VOrjBPIVSslYhYcIZOqm+nx9s0ZbmO40ap7Ff8Pug4CYakTIaoNkrfd03NMwUJcsmsrQd+imHBDAouobtwl1lIGe+wFtQdTZgCGxb9lbt0xylNGmvjKkHaV39PFExZm6vIdSqGbfvX64n/efUM48OwEEmaISR88FGcSYqa9u6nTWGAo8wdYdwItyvlbWYYR5fSyEsIj/ggmtg+Cfa5CosWaAVo8q5LKvibyzip7VWOKsHlXvn0bBjZHNkkW2SXBOSAnJILUiU1wokmT+SFvHrP3pv37n0MWie84cwGGYH3+QOboaAW</latexit>

ẋ(t) = V (x(t), p(t))
<latexit sha1_base64="Z8aFmTnq4hdMJB8JpctnDywPi/Q="></latexit>

q̇(t) = G (q(t), x(t))

p(t) = H (q(t), x(t))
<latexit sha1_base64="dGcNJaMe+4E+HfFtfYChl40sIL0="></latexit>
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<latexit sha1_base64="PkQMdKOJnOQT7uXK04xcGV4rmnQ=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQm2gqsyU5VaV0U3LivYB7RDyaSZNjTzILkjlqHgX3HjQhG3/g53/hvT6SC+DgQ+zrmXXI4bCa7Asj6M3MLi0vJKfrWwtr6xuWVu77RUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXs7x9y6TiYXADk4g5PhkG3OOUgLb65l7prnSOozCKRepgBQRY3yxaZSsV/gt2BkWUqdE333uDkMY+C4AKolTXtiJwEiKBU8GmhV6sWETomAxZV2NAfKacJD1/ig+1M8BeKPULAKfu942E+EpNfFdP+gRG6nc2M//LujF4Z07CgygGFtD5R14sMIR41gUecMkoiIkGQiXXt2I6IpJQ0I0V0hJqqfAcqicZ1OyvElqVsn1cPr2uFOsXWR15tI8O0BGyURXV0RVqoCaiKEEP6Ak9G/fGo/FivM5Hc0a2s4t+yHj7BKp0lbg=</latexit>

� F̄ : Stationary population game

� E
�
F̄
�
: Equilibrium set

<latexit sha1_base64="CCbR+YQLEBHGQENMu4Vu+sr4Ffc="></latexit>

• �-Passivity for evolutionary dynamics models:

S
�
x(t), p(t)

�
� S

�
x(t0), p(t0)

�


Z t

t0

ẋT (⌧)ṗ(⌧) d⌧, t � t0

� S : X⇥ Rn ! R+: �-storage function (continuously di↵erentiable map)
<latexit sha1_base64="t4mJWuTKOkA/M5GJy3hg9Fn9W7g="></latexit>

• �-Antipassivity for payo↵ dynamics models:

L (x(t), q(t))� L (x(t0), q(t0))  �
Z t

t0

ẋT (⌧)ṗ(⌧) d⌧, t � t0

� L : X⇥Rn ! R+: �-antistorage function (continuously di↵erentiable map)
<latexit sha1_base64="in7Lacxw1950wy7Jd4z3G3jKo/M="></latexit>

S (x(t), p(t)) + L (x(t), q(t))
t!1�! 0 =) E

�
F̄
�
is asymptotically stable

<latexit sha1_base64="DLSHMxL/IsGdyk6dV6mq7PEp2zo="></latexit>



Summary

• Multi-robot manipulation
<latexit sha1_base64="DLg3C2CNnjKmYO5mJfbt7hktEi4="></latexit>

Cost to minimize: E
Z 1

0
f
�
XN (⌧)

�
d⌧

�

Instantaneous reward: r(t) = rf
�
XN (t)

�
<latexit sha1_base64="+QWHtZ7EcRUIJFObp/yjuyHEi+g="></latexit>

Model on waste volume:

Q̇N
i (t) =

(
�RXN

i (t) + wi if QN
i (t) > 0

max
�
0,�RXN

i (t) + wi

 
otherwise

� QN
i (t): Waste volume in cell i

� XN
i (t): Portion of the robots working in cell i

� wi: Increase rate of the waste in cell i
<latexit sha1_base64="/O7W9IFabW/k6wPdKwBovLOD3Lg="></latexit>

• Multi-agent learning/decision-making problem
<latexit sha1_base64="5HO9ExI5Gcqwene0/1lbPSPUTaA="></latexit>
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