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Contractive Games
<latexit sha1_base64="QI7veUMAViQ406C/E4w6fFKeySk=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSVESPxR70WMF+QBvKZrtpl242YXdSKKEX/4oXD4p49Wd489+4aXPQ1gcDj/dmmJnnx4JrcJxvq7C2vrG5Vdwu7ezu7R/Yh0ctHSWKsiaNRKQ6PtFMcMmawEGwTqwYCX3B2v64nvntCVOaR/IRpjHzQjKUPOCUgJH69kna44DrkQRFKPAJw3ckZHrWt8tOxZkDrxI3J2WUo9G3v3 qDiCYhk0AF0brrOjF4KVHAqWCzUi/RLCZ0TIasa6jMtnjp/IEZPjfKAAeRMiUBz9XfEykJtZ6GvukMCYz0speJ/3ndBIIbL+UyToBJulgUJAJDhLM08IArRkFMDSFUcXMrpiOSRWEyK5kQ3OWXV0mrWnEvK1cP1XLtNo+jiE7RGbpALrpGNXSPGqiJKJqhZ/SK3qwn68V6tz4WrQUrnzlGf2B9/gCtWJZ2</latexit>

Characterizing GAS of Nash Equilibria Set
<latexit sha1_base64="k1o6UsMN2NyCjGXJKMT3boCj9us=">AAACGHicbVDLSgNBEJyN7/iKevQyGARPcTcieowG0ZMoMTGQhDA76U2GzM6uM71CXPIZXvwVLx4U8Zqbf+PmIaixoKGo6qa7yw2lMGjbn1ZqZnZufmFxKb28srq2ntnYrJgg0hzKPJCBrrrMgBQKyihQQjXUwHxXwq3bLQ7923vQRgTqBnshNHzWVsITnGEiNTP7cV0gLXaYZhxBiweh2vT8pEQDj14y06Fnd5GQwtWC0RJgv5 nJ2jl7BDpNnAnJkgmumplBvRXwyAeFXDJjao4dYiNmGgWX0E/XIwMh413WhlpCFfPBNOLRY326mygt6gU6KYV0pP6ciJlvTM93k06fYcf89Ybif14tQu+4EQsVRgiKjxd5kaQY0GFKtCU0cJS9hDCuRXIr5d8ZmXQSgvP35WlSyeecg9zhdT5bOJ3EsUi2yQ7ZIw45IgVyQa5ImXDySJ7JK3mznqwX6936GLemrMnMFvkFa/AFt6qfkg==</latexit>



Strategy set for the population is {1, . . . , n}
<latexit sha1_base64="xbaFl+fzzmC3A+6y0s9LODyH3cE="></latexit>

Without loss of generality we consider a single population
<latexit sha1_base64="z3szec4P463eGaq3p0BxRErVCKQ="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>



Strategy set for the population is {1, . . . , n}
<latexit sha1_base64="xbaFl+fzzmC3A+6y0s9LODyH3cE="></latexit>

Without loss of generality we consider a single population
<latexit sha1_base64="z3szec4P463eGaq3p0BxRErVCKQ="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>

Population state for a population with N agents
<latexit sha1_base64="fJ81Kif/lO8NhN/0yh19zqNXTkg="></latexit>
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64
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<latexit sha1_base64="p4//tBT3nAtqz5jhfWNGdL9VOgU="></latexit>

strategy revisions occur at the jump times
<latexit sha1_base64="15uadQOcc+Mqrs8oVDFtiDiynHE="></latexit>

XN
i (t) is the portion of the population

selecting strategy i at time t.
<latexit sha1_base64="OAadWSVp+fVQJvhYSE5julJvA0c="></latexit>

We assume unit mass
Pn

i=1 X
N
i (t) = 1

<latexit sha1_base64="kpKSFvlSI9nz8YfW3O29OEjETPo="></latexit>

right-continuous jump process
<latexit sha1_base64="rfuVyZdnojJydOr3isKDhT/T+Rg="></latexit>



Strategy set for the population is {1, . . . , n}
<latexit sha1_base64="xbaFl+fzzmC3A+6y0s9LODyH3cE="></latexit>

Without loss of generality we consider a single population
<latexit sha1_base64="z3szec4P463eGaq3p0BxRErVCKQ="></latexit>

Population state for a population with N agents
<latexit sha1_base64="fJ81Kif/lO8NhN/0yh19zqNXTkg="></latexit>

XN (t) =

2

64
XN

1 (t)
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XN
n (t)

3

75

<latexit sha1_base64="p4//tBT3nAtqz5jhfWNGdL9VOgU="></latexit>

strategy revisions occur at the jump times
<latexit sha1_base64="15uadQOcc+Mqrs8oVDFtiDiynHE="></latexit>

XN
i (t) is the portion of the population

selecting strategy i at time t.
<latexit sha1_base64="OAadWSVp+fVQJvhYSE5julJvA0c="></latexit>

We assume unit mass
Pn

i=1 X
N
i (t) = 1

<latexit sha1_base64="kpKSFvlSI9nz8YfW3O29OEjETPo="></latexit>

Example for n = 3 and N = 100
<latexit sha1_base64="5pZncTe92Dykteu8Dy9mx9BkpF4="></latexit>

X100(t⇤) =

2

4
0.25
0.25
0.5
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<latexit sha1_base64="g48WxW/79FuSsSLnIUOkuiID/8c="></latexit>

strategy 1
<latexit sha1_base64="JG0fAGqOl59vzxz7GZHIbs6P/8A="></latexit>

strategy 2
<latexit sha1_base64="um0w61tiBeSNmv8qlO+sL7m8KvQ="></latexit>

strategy 3
<latexit sha1_base64="T3p8JBushH//7C6kkqYiqWB0VGU="></latexit>

population state at time t⇤
<latexit sha1_base64="QFCoRnORHMOePQFIWCcDAAv+AmU="></latexit>

right-continuous jump process
<latexit sha1_base64="rfuVyZdnojJydOr3isKDhT/T+Rg="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>



Strategy set for the population is {1, . . . , n}
<latexit sha1_base64="xbaFl+fzzmC3A+6y0s9LODyH3cE="></latexit>

Without loss of generality we consider a single population
<latexit sha1_base64="z3szec4P463eGaq3p0BxRErVCKQ="></latexit>

Population state for a population with N agents
<latexit sha1_base64="fJ81Kif/lO8NhN/0yh19zqNXTkg="></latexit>

XN (t) =

2

64
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1 (t)
...

XN
n (t)

3

75

<latexit sha1_base64="p4//tBT3nAtqz5jhfWNGdL9VOgU="></latexit>

XN
i (t) is the portion of the population

selecting strategy i at time t.
<latexit sha1_base64="OAadWSVp+fVQJvhYSE5julJvA0c="></latexit>

We assume unit mass
Pn

i=1 X
N
i (t) = 1

<latexit sha1_base64="kpKSFvlSI9nz8YfW3O29OEjETPo="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>

Each agent selects a strategy at a time
<latexit sha1_base64="i4viq0TlFt0tSwaG+vn0rRn+egs=">AAACFnicbVC7SgNBFJ31GeNr1dJmMAg2ht2IqF1ABMsI5gHJEu5OJsmQ2Qczd4VlyVfY+Cs2ForYip1/4yTZQhMPDJw59338WAqNjvNtLS2vrK6tFzaKm1vbO7v23n5DR4livM4iGamWD5pLEfI6CpS8FSsOgS950x9dT+LNB660iMJ7TGPuBTAIRV8wQCN17dOsI5DeABtSGPAQqWnFGWoKVKMC5IOUApofioCPu3bJKTtT0EXi5qREctS69lenF7EkMJ2ZBK3brhOjl4FCwSQfFzuJ5jGwkZndNjSEgGsvm541psdG6dF+pMwzm03V3xUZBFqngW8yA8Chno9NxP9i7QT7l14mwjhBHrLZoH4iKUZ04hHtCWU8kKkhwJQwu1I2BAUMjZNFY4I7f/IiaVTK7ln5/K5Sql7ldhTIITkiJ8QlF6RKbkmN1Akjj+SZvJI368l6sd6tj1nqkpXXHJA/sD5/AD2znsY=</latexit>

%P (agent switches from i to j | agent can switch at time t⇤)

= Tij(XN (t), PN (t))
<latexit sha1_base64="EzblFlW/N7Ze7vD9/97/RNWX8QI="></latexit>

probabilistic model of protocol
<latexit sha1_base64="sQL/in3kQi2LLhOpZ5GsJ6jzSVY="></latexit>

Rules
<latexit sha1_base64="sfA43JwVhc3VsAFgXGoIe0rlW9I=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kqoseiF49V7AekoWy223bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//cS1EbF6xEnCg4gOlRgIRtFKftYVSB5Syc20V664VXcOskq8nFQgR6NX/ur2Y5ZGXCGT1BjfcxMMMqpRMMmnpW5qeELZmA65b6miETdBNj95Ss6s0ieDWNtSSObq74mMRsZMotB2RhRHZtmbif95foqD6yATKkmRK7ZYNEglwZjM/id9oTlDObGEMi3srYSNqKYMbUolG4K3/PIqadWq3kX18r5Wqd/kcRThBE7hHDy4gjrcQQOawCCGZ3iFNwedF+fd+Vi0Fpx85hj+wPn8AVRUkUk=</latexit>
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<latexit sha1_base64="p4//tBT3nAtqz5jhfWNGdL9VOgU="></latexit>

XN
i (t) is the portion of the population

selecting strategy i at time t.
<latexit sha1_base64="OAadWSVp+fVQJvhYSE5julJvA0c="></latexit>

We assume unit mass
Pn

i=1 X
N
i (t) = 1

<latexit sha1_base64="kpKSFvlSI9nz8YfW3O29OEjETPo="></latexit>
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9
=

;
<latexit sha1_base64="Z98txCNnsx8vOaEXtKzTQ374kxw="></latexit>

strategy profile set
<latexit sha1_base64="maGgkcpHtMs8sZJLEHeP7Rquq4A="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>
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75

<latexit sha1_base64="p4//tBT3nAtqz5jhfWNGdL9VOgU="></latexit>

XN
i (t) is the portion of the population

selecting strategy i at time t.
<latexit sha1_base64="OAadWSVp+fVQJvhYSE5julJvA0c="></latexit>

We assume unit mass
Pn

i=1 X
N
i (t) = 1

<latexit sha1_base64="kpKSFvlSI9nz8YfW3O29OEjETPo="></latexit>

The payo↵ of a population game is specified as follows, where F : X ! Rn

is a continuously di↵erentiable map.
<latexit sha1_base64="A0YPEtgNIt1kGwDCzCIlhq9l1z0="></latexit>

X def
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:z 2 Rn
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������

nX

j=1
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9
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;
<latexit sha1_base64="Z98txCNnsx8vOaEXtKzTQ374kxw="></latexit>

strategy profile set
<latexit sha1_base64="maGgkcpHtMs8sZJLEHeP7Rquq4A="></latexit>
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<latexit sha1_base64="shd49NbjppuRKg7THE8BwJC+TRg="></latexit>

PN
i (t) is the payo↵ of strategy i at time t

<latexit sha1_base64="yOjZBEyA/RvzhwSwGQV83ss4xNg="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>
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<latexit sha1_base64="p4//tBT3nAtqz5jhfWNGdL9VOgU="></latexit>

XN
i (t) is the portion of the population

selecting strategy i at time t.
<latexit sha1_base64="OAadWSVp+fVQJvhYSE5julJvA0c="></latexit>

We assume unit mass
Pn

i=1 X
N
i (t) = 1

<latexit sha1_base64="kpKSFvlSI9nz8YfW3O29OEjETPo="></latexit>

The payo↵ of a population game is specified as follows, where F : X ! Rn

is a continuously di↵erentiable map.
<latexit sha1_base64="A0YPEtgNIt1kGwDCzCIlhq9l1z0="></latexit>

X def
=

8
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:z 2 Rn
+
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nX

j=1

zj = 1

9
=

;
<latexit sha1_base64="Z98txCNnsx8vOaEXtKzTQ374kxw="></latexit>

strategy profile set
<latexit sha1_base64="maGgkcpHtMs8sZJLEHeP7Rquq4A="></latexit>

PN (t) := F
�
XN (t)

�
, PN (t) =

2

64
PN
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3

75

<latexit sha1_base64="shd49NbjppuRKg7THE8BwJC+TRg="></latexit>

PN
i (t) is the payo↵ of strategy i at time t

<latexit sha1_base64="yOjZBEyA/RvzhwSwGQV83ss4xNg="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>

Notation:
<latexit sha1_base64="wQ8uAtsvJXqG6br/2M3BnKm1MYQ=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrspMRbysCm5cSQV7kXYomTTThiaTITkjlKFP4caFIm59HHe+jel0Ftr6Q+DjP+eQc/4gFtyA6347hZXVtfWN4mZpa3tnd6+8f9AyKtGUNakSSncCYpjgEWsCB8E6sWZEBoK1g/HNrN5+YtpwFT3AJGa+JMOIh5wSsNbjnYIMrvvlilt1M+Fl8HKooFyNfvmrN1A0kSwCKogxXc+NwU+JBk4Fm5Z6iWExoWMyZF2LEZHM+Gm28BSfWGeAQ6XtiwBn7u+JlEhjJjKwnZLAyCzWZuZ/tW4C4aWf8ihOgEV0/lGYCAwKz67HA64ZBTGxQKjmdldMR0QTCjajkg3BWzx5GVq1qndWPb+vVepXeRxFdISO0Sny0AWqo1vUQE1EkUTP6BW9Odp5cd6dj3lrwclnDtEfOZ8/vH+QVg==</latexit>

We use z in X to represent a given possible population state
<latexit sha1_base64="PVgYtSjJBiHo7OrZPKczQNmZoLY="></latexit>

We use r in Rn to represent a given possible payo↵ vector
<latexit sha1_base64="cZ8M1T++5EC+PvVaI8zjfqX5elg="></latexit>



The payo↵ of a population game is specified as follows, where F : X ! Rn

is a continuously di↵erentiable map.
<latexit sha1_base64="A0YPEtgNIt1kGwDCzCIlhq9l1z0="></latexit>

PN (t) := F
�
XN (t)

�
, PN (t) =

2

64
PN
1 (t)
...

PN
n (t)

3

75

<latexit sha1_base64="shd49NbjppuRKg7THE8BwJC+TRg="></latexit>

PN
i (t) is the payo↵ of strategy i at time t

<latexit sha1_base64="yOjZBEyA/RvzhwSwGQV83ss4xNg="></latexit>

The Nash equilibria set for F is defines as follows:

NE(F) :=
n
z 2 X

�� zTF(z) � z̄TF(z), z̄ 2 X
o

<latexit sha1_base64="jAGARuZLWaYgtPxu3qRgNpd7PZk="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>



11 2

3 4

5
origin

<latexit sha1_base64="0vtABBIHwUauipO9g1NtmvDrBjU="></latexit>

destination
<latexit sha1_base64="OTYirT2FlvOL49ajtqMyNm6yLR0="></latexit>

strategy 1
<latexit sha1_base64="PmRkeVm4W7QAI7lZGx6CF361H38="></latexit>

strategy 2
<latexit sha1_base64="XWPSQ3NnqPSf1yBOF0DanrRgF5w="></latexit>

strategy 3
<latexit sha1_base64="4SsFM3r22BUMiP9GBSxWoxxsuCk="></latexit>

Example: 3-strategy congestion game
<latexit sha1_base64="kLGQL9xfk+3tO7qe4OJUKL+u0NI="></latexit>

F1(z) = �D1(z1 + z2)�D2(z1)
<latexit sha1_base64="0CpkQprkwY/3dqerP64aNy7GLcE="></latexit>

F3(z) = �D3(z3)�D4(z2 + z3)
<latexit sha1_base64="vdj1w7/x/3S4qD9H0/l/spYn2OY="></latexit>

F2(z) = �D1(z1 + z2)�D4(z2 + z3)�D5(z2)
<latexit sha1_base64="iYLFazMvNRWOBIwMax87Dm0Cuyg="></latexit>

Di : X ! R is delay as a C1 increasing function of utilization in link i
<latexit sha1_base64="hMW0VUCnG6v9EhBSc+sXhKXv3Pw="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>



11 2

3 4

5
origin

<latexit sha1_base64="0vtABBIHwUauipO9g1NtmvDrBjU="></latexit>

destination
<latexit sha1_base64="OTYirT2FlvOL49ajtqMyNm6yLR0="></latexit>

Example: 3-strategy congestion game
<latexit sha1_base64="kLGQL9xfk+3tO7qe4OJUKL+u0NI="></latexit>

F1(z) = �D1(z1 + z2)�D2(z1)
<latexit sha1_base64="0CpkQprkwY/3dqerP64aNy7GLcE="></latexit>

F3(z) = �D3(z3)�D4(z2 + z3)
<latexit sha1_base64="vdj1w7/x/3S4qD9H0/l/spYn2OY="></latexit>

F2(z) = �D1(z1 + z2)�D4(z2 + z3)�D5(z2)
<latexit sha1_base64="iYLFazMvNRWOBIwMax87Dm0Cuyg="></latexit>

DF(z) =

2

4
�Ḋ1(z1 + z2)� Ḋ2(z1) �Ḋ1(z1 + z2) 0

�Ḋ1(z1 + z2) �Ḋ1(z1 + z2)� Ḋ4(z2 + z3)� Ḋ5(z2) �Ḋ4(z2 + z3)
0 �Ḋ4(z2 + z3) �Ḋ3(z3)� Ḋ4(z2 + z3)

3

5

<latexit sha1_base64="U9SYnBFjKbD9JsyM2MRnnVgL34k="></latexit>

F is a potential strictly concave game
<latexit sha1_base64="CrbFSu14w/nC+RshoTFEnyrpfHc="></latexit>

Population Games: Basic Formulation
<latexit sha1_base64="XDn0yzZyxwDrlDXNSgw1jtv3MfM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUkqorgqFdRlBfuANpTJdNIOncyEmYlQQr/Bjb/ixoUibl2582+cpFlo64ELh3Pu5d57/IhRpR3n2yosLa+srhXXSxubW9s79u5eS4lYYtLEggnZ8ZEijHLS1FQz0okkQaHPSNsfX6V++4FIRQW/15OIeCEachpQjLSR+vZJ0qMaNkQUs0yBNygk6hLWkaIYXgsZ5sa0b5edipMBLhI3J2WQo9G3v3oDgeOQcI0ZUqrrOpH2EiQ1xYxMS71YkQjhMRqSrqE8Xewl2UtTeGSUAQyENMU1zNTfEwkKlZqEvukMkR6peS8V//O6sQ4uvITyKNaE49miIGZQC5jmAwdUEqzZxBCEJTW3QjxCEmFtUiyZENz5lxdJq1pxTytnd9VyrZ7HUQQH4BAcAxecgxq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AFlmdvw==</latexit>



Deterministic approximation for large population limit (N ! 1)
<latexit sha1_base64="iwsIHHRm4WMEGm9mBTqTLdxpuJY="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

Population Games: Mean Dynamics
<latexit sha1_base64="6ZG2COKECsWikBqqj0/M7Tc6xvo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQVUVwVFXQjVLAPaEOZTCft0JlJmJkIJfQL3Pgrblwo4ta1O//GSZqFth64cDjnXu69x48YVdpxvq3C0vLK6lpxvbSxubW9Y+/utVQYS0yaOGSh7PhIEUYFaWqqGelEkiDuM9L2x5ep334gUtFQ3OtJRDyOhoIGFCNtpL5dSXpUw0YYxSxT4DXiRJ3DW4IEvJoIxClW075ddqpOBrhI3JyUQY5G3/7qDUIccyI0ZkiprutE2kuQ1BQzMi31YkUihMdoSLqGinSpl2TvTGHFKAMYhNKU0DBTf08kiCs14b7p5EiP1LyXiv953VgHZ15CRRRrIvBsURAzqEOYZgMHVBKs2cQQhCU1t0I8QhJhbRIsmRDc+ZcXSatWdY+rJ3e1cv0ij6MIDsAhOAIuOAV1cAMaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8AasIm94=</latexit>



Deterministic approximation for large population limit (N ! 1)
<latexit sha1_base64="iwsIHHRm4WMEGm9mBTqTLdxpuJY="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

The EDM V : X⇥ Rn ! Rn is Lipschitz continuous and guarantees that
every solution of the mean dynamics remains in X.

<latexit sha1_base64="rSHJZfr7YevHU2EmYKBzeJgdqCE="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

Population Games: Mean Dynamics
<latexit sha1_base64="6ZG2COKECsWikBqqj0/M7Tc6xvo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQVUVwVFXQjVLAPaEOZTCft0JlJmJkIJfQL3Pgrblwo4ta1O//GSZqFth64cDjnXu69x48YVdpxvq3C0vLK6lpxvbSxubW9Y+/utVQYS0yaOGSh7PhIEUYFaWqqGelEkiDuM9L2x5ep334gUtFQ3OtJRDyOhoIGFCNtpL5dSXpUw0YYxSxT4DXiRJ3DW4IEvJoIxClW075ddqpOBrhI3JyUQY5G3/7qDUIccyI0ZkiprutE2kuQ1BQzMi31YkUihMdoSLqGinSpl2TvTGHFKAMYhNKU0DBTf08kiCs14b7p5EiP1LyXiv953VgHZ15CRRRrIvBsURAzqEOYZgMHVBKs2cQQhCU1t0I8QhJhbRIsmRDc+ZcXSatWdY+rJ3e1cv0ij6MIDsAhOAIuOAV1cAMaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8AasIm94=</latexit>



Deterministic approximation for large population limit (N ! 1)
<latexit sha1_base64="iwsIHHRm4WMEGm9mBTqTLdxpuJY="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

Vi(z, r) :=
nX

j=1

zjTji(z, r)�
 

nX

j=1

Tij(z, r)
!
zi,

z 2 X, r 2 Rn, 1  i  n
<latexit sha1_base64="fI8srzG4SUdW5zxDM3CH/pOAteI="></latexit>

probabilistic model of protocol
<latexit sha1_base64="sQL/in3kQi2LLhOpZ5GsJ6jzSVY="></latexit>

Population Games: Mean Dynamics
<latexit sha1_base64="6ZG2COKECsWikBqqj0/M7Tc6xvo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQVUVwVFXQjVLAPaEOZTCft0JlJmJkIJfQL3Pgrblwo4ta1O//GSZqFth64cDjnXu69x48YVdpxvq3C0vLK6lpxvbSxubW9Y+/utVQYS0yaOGSh7PhIEUYFaWqqGelEkiDuM9L2x5ep334gUtFQ3OtJRDyOhoIGFCNtpL5dSXpUw0YYxSxT4DXiRJ3DW4IEvJoIxClW075ddqpOBrhI3JyUQY5G3/7qDUIccyI0ZkiprutE2kuQ1BQzMi31YkUihMdoSLqGinSpl2TvTGHFKAMYhNKU0DBTf08kiCs14b7p5EiP1LyXiv953VgHZ15CRRRrIvBsURAzqEOYZgMHVBKs2cQQhCU1t0I8QhJhbRIsmRDc+ZcXSatWdY+rJ3e1cv0ij6MIDsAhOAIuOAV1cAMaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8AasIm94=</latexit>



Vi(z, r) :=
nX

j=1

zjTji(z, r)�
 

nX

j=1

Tij(z, r)
!
zi,

z 2 X, r 2 Rn, 1  i  n
<latexit sha1_base64="fI8srzG4SUdW5zxDM3CH/pOAteI="></latexit>

(EDM) Evolutionary dynamics model
<latexit sha1_base64="1nEpMB5Nv3nzi9ZuOMIVctNMHaE="></latexit>

T Smith
ij (z, r) := [rj � ri]+, r 2 Rn, z 2 X

<latexit sha1_base64="Wz+nxCvCu8iDQq+ICGHRcEqbBDE="></latexit>

(Smith EDM) The Smith EDM is specified by
the following Smith IPC protocol:

<latexit sha1_base64="0drq0G2fhZ50DLdMwxV9sakJTcw="></latexit>

VSmith
i (z, r) :=

nX

j=1

zj [ri � rj ]+ �
 

nX

j=1

[rj � ri]+

!
zi

<latexit sha1_base64="a5WSql4fmHZjR2eQaWi4MPDdFjY="></latexit>



A suitable stochastic model
<latexit sha1_base64="94RQbOKm7u2ia7zlc8a7HunKazo="></latexit>

• T : X⇥ Rn ! Rn⇥n
+ is Lipschitz continuous.

• Revision clocks are independent and Poisson with rate %.

• Randomizations are independent across agents.
<latexit sha1_base64="1Sfpub9m/rDHufKkxX1c4kA2SCk="></latexit>



A suitable stochastic model
<latexit sha1_base64="94RQbOKm7u2ia7zlc8a7HunKazo="></latexit>


XN (t)
PN (t)

�
is a right-continuous Markov jump process.

<latexit sha1_base64="AxGaKZPNqAKcQpMQuUA56WTEiNc="></latexit>

• T : X⇥ Rn ! Rn⇥n
+ is Lipschitz continuous.

• Revision clocks are independent and Poisson with rate %.

• Randomizations are independent across agents.
<latexit sha1_base64="1Sfpub9m/rDHufKkxX1c4kA2SCk="></latexit>

Pr
⇣
XN

j (⌧) = XN
j (⌧�) + 1

N & XN
i (⌧) = XN

i (⌧�)� 1
N

��� XN (⌧�) = z, transition at time ⌧
⌘

<latexit sha1_base64="tGNoi2CSBAA2dCHO9cIp8CzpyaU="></latexit>

= zi
Tij

⇣
z, PN (⌧�)

⌘

%
<latexit sha1_base64="zNaqjmOBiDXvWghrGuXXVeES074="></latexit>



A suitable stochastic model
<latexit sha1_base64="94RQbOKm7u2ia7zlc8a7HunKazo="></latexit>


XN (t)
PN (t)

�
is a right-continuous Markov jump process.

<latexit sha1_base64="AxGaKZPNqAKcQpMQuUA56WTEiNc="></latexit>

• T : X⇥ Rn ! Rn⇥n
+ is Lipschitz continuous.

• Revision clocks are independent and Poisson with rate %.

• Randomizations are independent across agents.
<latexit sha1_base64="1Sfpub9m/rDHufKkxX1c4kA2SCk="></latexit>

Pr
⇣
XN

j (⌧) = XN
j (⌧�) + 1

N & XN
i (⌧) = XN

i (⌧�)� 1
N

��� XN (⌧�) = z, transition at time ⌧
⌘

<latexit sha1_base64="tGNoi2CSBAA2dCHO9cIp8CzpyaU="></latexit>

= zi
Tij

⇣
z, PN (⌧�)

⌘

%
<latexit sha1_base64="zNaqjmOBiDXvWghrGuXXVeES074="></latexit>

N ! 1
<latexit sha1_base64="Fu/YqUIPIDfUSqgk50z0CJp+Bwo="></latexit>



N ! 1
<latexit sha1_base64="Fu/YqUIPIDfUSqgk50z0CJp+Bwo="></latexit>


XN (t)
PN (t)

�

<latexit sha1_base64="FSm28c1iCzVYu2kvdX1KD8P0M9g="></latexit>


x(t)
p(t)

�

<latexit sha1_base64="8587ADiShisShWNRYfbgKLZFAi8="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

Taking The Limit As N ! 1
<latexit sha1_base64="zH4Iu1QoxbNUZwPiw6Sz19xxvxg=">AAACGXicbVA9SwNBEN2LXzF+RS1tFhPBKtxFRMuojYVIhHxBLoS9zV6yZG/v2J1TwpG/YeNfsbFQxFIr/42b5ApNfDDweG+GmXleJLgG2/62MkvLK6tr2fXcxubW9k5+d6+hw1hRVqehCFXLI5oJLlkdOAjWihQjgSdY0xteTfzmPVOah7IGo4h1AtKX3OeUgJG6eTtxOeAaGXLZx7UBwzc8MMKFxsVb7CreHwBRKnzALpc+jIrjbr5gl+wp8CJxUlJAKard/KfbC2kcMAlUEK3bjh1BJyEKOBVsnHNjzSJCh6TP2oZKEjDdSaafjfGRUXrYD5UpCXiq/p5ISKD1KPBMZ0BgoOe9ifif147BP+8kXEYxMElni/xYYAjxJCbc44pRECNDCFXc3IrpgChCwYSZMyE48y8vkka55JyUTu/KhcplGkcWHaBDdIwcdIYq6BpVUR1R9Iie0St6s56sF+vd+pi1Zqx0Zh/9gfX1A9Bcn5Q=</latexit>

• T : X⇥ Rn ! Rn⇥n
+ is Lipschitz continuous.

• Revision clocks are independent and Poisson with rate %.

• Randomizations are independent across agents.
<latexit sha1_base64="1Sfpub9m/rDHufKkxX1c4kA2SCk="></latexit>
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<latexit sha1_base64="QBiKGdkfNStd3RALJ7yML8mS99c="></latexit>

For any positive � and integer T :
<latexit sha1_base64="XmYObmXuv+LnVXSvZHQwDqOQL20="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

Assume limN!1 XN (0) = x(0)
<latexit sha1_base64="oUByVgwXTooXovyIqWuCZlY2JW8="></latexit>

Convergence Guarantees
<latexit sha1_base64="RYkhSmISTA9jIVMZu9eQigFKK+8=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuxGRMtgCi0jmAckIcxObpIhs7PLzF0hLGls/BUbC0Vs/Qc7/8bJo9DEAwOHc87lzj1BLIVBz/t2Miura+sb2c3c1vbO7p67f1AzUaI5VHkkI90ImAEpFFRRoIRGrIGFgYR6MCxP/PoDaCMidY+jGNoh6yvRE5yhlTrucdoSSMuRsqE+KA70JmGaKQQw446b9wreFHSZ+HOSJ3NUOu5XqxvxJASFXDJjmr4XYztlGgWXMM61EgMx40PWh6alioVg2un0ijE9tUqX9iJtn0I6VX9PpCw0ZhQGNhkyHJhFbyL+5zUT7F21U6HiBO2Fs0W9RFKM6KQS2hUaOMqRJYxrYf9K+cCWwNEWl7Ml+IsnL5NaseCfFy7uivnS9byOLDkiJ+SM+OSSlMgtqZAq4eSRPJNX8uY8OS/Ou/Mxi2ac+cwh+QPn8we17pi3</latexit>



N
!
1

<latexit sha1_base64="20OzkkqONMIS69wCPt/TdhbBQ0E="></latexit>

N
!
1

<latexit sha1_base64="20OzkkqONMIS69wCPt/TdhbBQ0E="></latexit>

N
!
1

<latexit sha1_base64="20OzkkqONMIS69wCPt/TdhbBQ0E="></latexit>

N
!
1

<latexit sha1_base64="20OzkkqONMIS69wCPt/TdhbBQ0E="></latexit>

limN!1 limt!1 Pr(XN (t) 2 O) = 1
<latexit sha1_base64="8/tYI7hacGfGS3/mR+2/Rrr3SLQ="></latexit>

O
<latexit sha1_base64="p1UWiy+tNZrmwl0Kqc06PXko0lo="></latexit>

Lyapunov stable equilibria of mean dynamics
<latexit sha1_base64="YuhpyZUoz0bAc9Sg8pTtuYoHyp4="></latexit>

Convergence Guarantees
<latexit sha1_base64="RYkhSmISTA9jIVMZu9eQigFKK+8=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuxGRMtgCi0jmAckIcxObpIhs7PLzF0hLGls/BUbC0Vs/Qc7/8bJo9DEAwOHc87lzj1BLIVBz/t2Miura+sb2c3c1vbO7p67f1AzUaI5VHkkI90ImAEpFFRRoIRGrIGFgYR6MCxP/PoDaCMidY+jGNoh6yvRE5yhlTrucdoSSMuRsqE+KA70JmGaKQQw446b9wreFHSZ+HOSJ3NUOu5XqxvxJASFXDJjmr4XYztlGgWXMM61EgMx40PWh6alioVg2un0ijE9tUqX9iJtn0I6VX9PpCw0ZhQGNhkyHJhFbyL+5zUT7F21U6HiBO2Fs0W9RFKM6KQS2hUaOMqRJYxrYf9K+cCWwNEWl7Ml+IsnL5NaseCfFy7uivnS9byOLDkiJ+SM+OSSlMgtqZAq4eSRPJNX8uY8OS/Ou/Mxi2ac+cwh+QPn8we17pi3</latexit>
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limN!1 limt!1 Pr(XN (t) 2 O) = 1
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O
<latexit sha1_base64="p1UWiy+tNZrmwl0Kqc06PXko0lo="></latexit>
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12.B Appendix: Stochastic Approximation Theory
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Convergence Guarantees
<latexit sha1_base64="RYkhSmISTA9jIVMZu9eQigFKK+8=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuxGRMtgCi0jmAckIcxObpIhs7PLzF0hLGls/BUbC0Vs/Qc7/8bJo9DEAwOHc87lzj1BLIVBz/t2Miura+sb2c3c1vbO7p67f1AzUaI5VHkkI90ImAEpFFRRoIRGrIGFgYR6MCxP/PoDaCMidY+jGNoh6yvRE5yhlTrucdoSSMuRsqE+KA70JmGaKQQw446b9wreFHSZ+HOSJ3NUOu5XqxvxJASFXDJjmr4XYztlGgWXMM61EgMx40PWh6alioVg2un0ijE9tUqX9iJtn0I6VX9PpCw0ZhQGNhkyHJhFbyL+5zUT7F21U6HiBO2Fs0W9RFKM6KQS2hUaOMqRJYxrYf9K+cCWwNEWl7Ml+IsnL5NaseCfFy7uivnS9byOLDkiJ+SM+OSSlMgtqZAq4eSRPJNX8uY8OS/Ou/Mxi2ac+cwh+QPn8we17pi3</latexit>



Main goal: characterize stable equilibria of the mean dynamics
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p(t) = F (x(t))

Evolutionary Dynamics Model
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

O
F,V :=

�
z 2 X

�� V(z,F(z)) = 0
 

<latexit sha1_base64="2u1wLBkkS4JVRx8TYOZQjCTj6yM="></latexit>

rest points or equilibria of the mean dynamics
<latexit sha1_base64="A4eOdCcuKejpDCHChpq3PgAD0Q0="></latexit>

Nash Stationarity
<latexit sha1_base64="uGq6HnQMMCaEh5PsHqcGqVM1mIc=">AAACAHicbVBNS8NAFNzUr1q/oh48eFksgqeSVESPRS+epKJthTaUzXbbLt1swu6LEEIu/hUvHhTx6s/w5r9xm+agrQMPhpn3eMz4keAaHOfbKi0tr6yuldcrG5tb2zv27l5bh7GirEVDEaoHn2gmuGQt4CDYQ6QYCXzBOv7kaup3HpnSPJT3kETMC8hI8iGnBIzUtw/SHgd8Q/QY30GuEcUhyfp21ak5OfAicQtSRQWaffurNwhpHDAJVBCtu64TgZcSBZwKllV6sWYRoRMyYl1DJQmY9tI8QIaPjTLAw1CZkYBz9fdFSgKtk8A3mwGBsZ73puJ/XjeG4YWXchnFwCSdPRrGAkOIp23gAVeMgkgMIdQE5xTTMVGEgumsYkpw5yMvkna95p7Wzm7r1cZlUUcZHaIjdIJcdI4a6Bo1UQtRlKFn9IrerCfrxXq3PmarJau42Ud/YH3+AOSMlpw=</latexit>



Main goal: characterize stable equilibria of the mean dynamics
<latexit sha1_base64="pNmgenwpO0k6TUzPGZM5OzEjDQ8="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
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rest points or equilibria of the mean dynamics
<latexit sha1_base64="A4eOdCcuKejpDCHChpq3PgAD0Q0="></latexit>

(Global Attractiveness) The set OF,V is globally attractive if for every
initial condition x(0) in X, x(t) satisfies:

lim
t!1

inf
z2OF,V

kx(t)� zk = 0

(Lyapunov Stability) The set OF,V is Lyapunov stable if for every open
set O in R

n that contains O
F,V , there is another open set O

0 for which
the following holds:

x(0) 2 O
0 \� =) x(t) 2 O, t � 0

(Global Asymptotic Stability) The set OF,V is globally asymptotically
stable if it is globally attractive and Lyapunov stable.

<latexit sha1_base64="an+DUbr3ZPYoodWInqaUa85n73A="></latexit>

Stability concepts
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Nash Stationarity
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rest points or equilibria of the mean dynamics
<latexit sha1_base64="A4eOdCcuKejpDCHChpq3PgAD0Q0="></latexit>

(Nash Stationarity) A given EDM specified by V : X ⇥ Rn ! Rn satisfies
Nash stationarity (NS) if the following equivalence holds:

V(z, r) = 0 , z 2 argmax
z̄2X

z̄T r, z 2 X, r 2 Rn

<latexit sha1_base64="NrUbv1+4mzf5sTBZ0MQugDvqPcQ=">AAAEpHicfVNtb9MwEE5LgVEGbCD4wpcT29BA1dQOIdAkpPEm8WGgwdZt0tJVtuMk1hzH2M62Nor4nfwBfgeXtJ2aDWEp0eW5Oz/PvYRqKazrdn83mjdaN2/dXrjTvrt47/6DpeWHBzbNDON9lsrUHFFiuRSK951wkh9pw0lCJT+kpx9L/+EZN1akat+NNB8kJFIiFIw4hIbLjV++SoUKuHKQ+6J80RDWvxEbw56rgogRbvSigP </latexit>

Nash Stationarity
<latexit sha1_base64="uGq6HnQMMCaEh5PsHqcGqVM1mIc=">AAACAHicbVBNS8NAFNzUr1q/oh48eFksgqeSVESPRS+epKJthTaUzXbbLt1swu6LEEIu/hUvHhTx6s/w5r9xm+agrQMPhpn3eMz4keAaHOfbKi0tr6yuldcrG5tb2zv27l5bh7GirEVDEaoHn2gmuGQt4CDYQ6QYCXzBOv7kaup3HpnSPJT3kETMC8hI8iGnBIzUtw/SHgd8Q/QY30GuEcUhyfp21ak5OfAicQtSRQWaffurNwhpHDAJVBCtu64TgZcSBZwKllV6sWYRoRMyYl1DJQmY9tI8QIaPjTLAw1CZkYBz9fdFSgKtk8A3mwGBsZ73puJ/XjeG4YWXchnFwCSdPRrGAkOIp23gAVeMgkgMIdQE5xTTMVGEgumsYkpw5yMvkna95p7Wzm7r1cZlUUcZHaIjdIJcdI4a6Bo1UQtRlKFn9IrerCfrxXq3PmarJau42Ud/YH3+AOSMlpw=</latexit>
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<latexit sha1_base64="2u1wLBkkS4JVRx8TYOZQjCTj6yM="></latexit>

rest points or equilibria of the mean dynamics
<latexit sha1_base64="A4eOdCcuKejpDCHChpq3PgAD0Q0="></latexit>

(Nash Stationarity) A given EDM specified by V : X ⇥ Rn ! Rn satisfies
Nash stationarity (NS) if the following equivalence holds:

V(z, r) = 0 , z 2 argmax
z̄2X
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<latexit sha1_base64="NrUbv1+4mzf5sTBZ0MQugDvqPcQ=">AAAEpHicfVNtb9MwEE5LgVEGbCD4wpcT29BA1dQOIdAkpPEm8WGgwdZt0tJVtuMk1hzH2M62Nor4nfwBfgeXtJ2aDWEp0eW5Oz/PvYRqKazrdn83mjdaN2/dXrjTvrt47/6DpeWHBzbNDON9lsrUHFFiuRSK951wkh9pw0lCJT+kpx9L/+EZN1akat+NNB8kJFIiFIw4hIbLjV++SoUKuHKQ+6J80RDWvxEbw56rgogRbvSigP </latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

Nash Stationarity
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rest points or equilibria of the mean dynamics
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T Smith
ij (z, r) := [rj � ri]+, r 2 Rn, z 2 X

<latexit sha1_base64="Wz+nxCvCu8iDQq+ICGHRcEqbBDE="></latexit>

VSmith
i (z, r) :=

nX

j=1

zj [ri � rj ]+ �
 

nX
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!
zi

<latexit sha1_base64="a5WSql4fmHZjR2eQaWi4MPDdFjY="></latexit>

Example: Smith EDM satisfies Nash stationarity
<latexit sha1_base64="nr0oQ40ErtqG9PLvBfVm5lvFINs="></latexit>

Nash Stationarity
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(Nash Stationarity) A given EDM specified by V : X ⇥ Rn ! Rn satisfies
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Example: The Brown-von Neumann-Nash (BNN) EDM specified by the follow-
ing separable EPT protocol also satisfies NS:

<latexit sha1_base64="R9iomvXnM16K3arTToFncrJE60s="></latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

excess payo↵
<latexit sha1_base64="XLJaYDxMYlRt9K0oTCUw08U0k1U="></latexit>

Nash Stationarity
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games (null stable).
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

Examples of contractive games
<latexit sha1_base64="1ekXKKak8UAGiFmwPZaJhpotpAE="></latexit>

• Potential concave (strictly concave) games.

• Random matching of symmetric zero-sum
games (null stable).

• Wars of attrition.
<latexit sha1_base64="1UGQBDKCcv67lm+r7WimvGWd7I4="></latexit>

11 2

3 4

5
origin

<latexit sha1_base64="0vtABBIHwUauipO9g1NtmvDrBjU="></latexit>

destination
<latexit sha1_base64="OTYirT2FlvOL49ajtqMyNm6yLR0="></latexit>

F1(z) = �D1(z1 + z2)�D2(z1)
<latexit sha1_base64="0CpkQprkwY/3dqerP64aNy7GLcE="></latexit>

F3(z) = �D3(z3)�D4(z2 + z3)
<latexit sha1_base64="vdj1w7/x/3S4qD9H0/l/spYn2OY="></latexit>

F2(z) = �D1(z1 + z2)�D4(z2 + z3)�D5(z2)
<latexit sha1_base64="iYLFazMvNRWOBIwMax87Dm0Cuyg="></latexit>

DF(z) =

2

4
�Ḋ1(z1 + z2)� Ḋ2(z1) �Ḋ1(z1 + z2) 0

�Ḋ1(z1 + z2) �Ḋ1(z1 + z2)� Ḋ4(z2 + z3)� Ḋ5(z2) �Ḋ4(z2 + z3)
0 �Ḋ4(z2 + z3) �Ḋ3(z3)� Ḋ4(z2 + z3)

3

5

<latexit sha1_base64="U9SYnBFjKbD9JsyM2MRnnVgL34k="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Contractive Population Games
<latexit sha1_base64="nnSy0SFK6RshpIX7ZU/yz4DvBL0=">AAACC3icbVA9SwNBEN3zM8avqKXNkiBYhbuIaBlMoWUE8wHJEfY2m2TJ3u6xOxcIR3ob/4qNhSK2/gE7/417yRWa+GDg8d4MM/OCSHADrvvtrK1vbG5t53byu3v7B4eFo+OmUbGmrEGVULodEMMEl6wBHARrR5qRMBCsFYxrqd+aMG24kg8wjZgfkqHkA04JWKlXKCZdDrimJGhCgU8YrqsoFnMX35KQmVmvUHLL7hx4lXgZKaEM9V7hq9tXNA6ZBCqIMR3PjcBPiAZOBZvlu7FhEaFjMmQdS2W6xU/mv8zwmVX6eKC0LQl4rv6eSEhozDQMbGdIYGSWvVT8z+vEMLj2Ey6jGJiki0WDWGBQOA0G97lmFMTUEkI1t7diOiJpKja+vA3BW355lTQrZe+ifHlfKVVvsjhy6BQV0Tny0BWqojtURw1E0SN6Rq/ozXlyXpx352PRuuZkMyfoD5zPH0BQmy8=</latexit>
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>
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ẋ(t) = V(x(t), p(t)) (EDM)

x(0)

p determ
in
istic

payo↵

xm
ea
n
po
pu

la
ti
on

st
at
e

<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

Revision potential of the BNN protocol:
<latexit sha1_base64="cZnIFDI5ou5TRLHo7kpcAhbh5Qg="></latexit>

IBNN (r̂) =
1

2

nX

i=1

[r̂i]
2
+, z 2 X, r 2 Rn

<latexit sha1_base64="LZh+zgOpQM8f92S3ohS7gQp9fqk="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

Revision potential of the BNN protocol:
<latexit sha1_base64="cZnIFDI5ou5TRLHo7kpcAhbh5Qg="></latexit>

IBNN (r̂) =
1

2

nX

i=1

[r̂i]
2
+, z 2 X, r 2 Rn

<latexit sha1_base64="LZh+zgOpQM8f92S3ohS7gQp9fqk="></latexit>

Notice that T BNN
ij (r̂) = rjIBNN (r̂)

<latexit sha1_base64="4TNzMivvZMzoGFiOPGhecj94td8="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>

Revision potential of the BNN protocol:
<latexit sha1_base64="cZnIFDI5ou5TRLHo7kpcAhbh5Qg="></latexit>

IBNN (r̂) =
1

2

nX

i=1

[r̂i]
2
+, z 2 X, r 2 Rn

<latexit sha1_base64="LZh+zgOpQM8f92S3ohS7gQp9fqk="></latexit>

L
�
x(t)

�
= IBNN

�
p̂(t)

�
<latexit sha1_base64="J4J3ca3m5X1Kli7BmToy/RHEcDA="></latexit>

Define a Lyapunov function L(z) := IBNN
�
r̂
���

ri=Fi(z)
<latexit sha1_base64="8QuLHlg7CkgVXAazzaEtYRAz2Uw="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>

Revision potential of the BNN protocol:
<latexit sha1_base64="cZnIFDI5ou5TRLHo7kpcAhbh5Qg="></latexit>

L�1(0) := {z 2 X | L(z) = 0} = NE(F)
<latexit sha1_base64="LXBe6bAFiYmtN1vN6DEvHPjsRU4="></latexit>

IBNN (r̂) =
1

2

nX

i=1

[r̂i]
2
+, z 2 X, r 2 Rn

<latexit sha1_base64="LZh+zgOpQM8f92S3ohS7gQp9fqk="></latexit>

Define a Lyapunov function L(z) := IBNN
�
r̂
���

ri=Fi(z)
<latexit sha1_base64="8QuLHlg7CkgVXAazzaEtYRAz2Uw="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>

d
dtL

�
x(t)

�
= ẋ(t)TDF

�
x(t)

�
ẋ(t)� p(t)T ẋ(t)

nX

i=1

[p̂i(t)]+
<latexit sha1_base64="8K11M/gpgykWtaDGmDvK/AIoYB8="></latexit>

Revision potential of the BNN protocol:
<latexit sha1_base64="cZnIFDI5ou5TRLHo7kpcAhbh5Qg="></latexit>

L�1(0) := {z 2 X | L(z) = 0} = NE(F)
<latexit sha1_base64="LXBe6bAFiYmtN1vN6DEvHPjsRU4="></latexit>

IBNN (r̂) =
1

2

nX

i=1

[r̂i]
2
+, z 2 X, r 2 Rn

<latexit sha1_base64="LZh+zgOpQM8f92S3ohS7gQp9fqk="></latexit>

Proving global asymptotic stability of NE(F)
<latexit sha1_base64="xlj5lUwXmZLRtgZ/YvNVzZmOnwc="></latexit>

Define a Lyapunov function L(z) := IBNN
�
r̂
���

ri=Fi(z)
<latexit sha1_base64="8QuLHlg7CkgVXAazzaEtYRAz2Uw="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>



Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>

d
dtL

�
x(t)

�
= ẋ(t)TDF

�
x(t)

�
ẋ(t)� p(t)T ẋ(t)

nX

i=1

[p̂i(t)]+
<latexit sha1_base64="8K11M/gpgykWtaDGmDvK/AIoYB8="></latexit>

Revision potential of the BNN protocol:
<latexit sha1_base64="cZnIFDI5ou5TRLHo7kpcAhbh5Qg="></latexit>

L�1(0) := {z 2 X | L(z) = 0} = NE(F)
<latexit sha1_base64="LXBe6bAFiYmtN1vN6DEvHPjsRU4="></latexit>

 0 by contractivity
<latexit sha1_base64="WfHsFzx7G6I695PzubuzvoNYQrw="></latexit>

IBNN (r̂) =
1

2

nX

i=1

[r̂i]
2
+, z 2 X, r 2 Rn

<latexit sha1_base64="LZh+zgOpQM8f92S3ohS7gQp9fqk="></latexit>

Proving global asymptotic stability of NE(F)
<latexit sha1_base64="xlj5lUwXmZLRtgZ/YvNVzZmOnwc="></latexit>

Define a Lyapunov function L(z) := IBNN
�
r̂
���

ri=Fi(z)
<latexit sha1_base64="8QuLHlg7CkgVXAazzaEtYRAz2Uw="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>



Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)

x(0)

p determ
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>

Nash stationarity , NE(F) = O
F,V

<latexit sha1_base64="gZ9O5TLzXSyGm+4ipFBUiLdWgVM="></latexit>

T BNN
ij (r̂) := [r̂j ]+, r̂i := ri �

nX

j=1

rizi
<latexit sha1_base64="Mb4JOHNDabR56rwdJGniwibVDb4="></latexit>

VBNN
i (z, r) := [r̂i]+ � zi

nX

j=1

[r̂j ]+
<latexit sha1_base64="AtwX407TqDgK4v0lXhL1l1KEEQw="></latexit>

Let us investigate stability for the BNN dynamics
assuming that F is C1 and contractive

<latexit sha1_base64="H4A+h943E8oEksdoxoZL5jmkFrI="></latexit>

d
dtL

�
x(t)

�
= ẋ(t)TDF

�
x(t)

�
ẋ(t)� p(t)T ẋ(t)

nX

i=1

[p̂i(t)]+
<latexit sha1_base64="8K11M/gpgykWtaDGmDvK/AIoYB8="></latexit>

Revision potential of the BNN protocol:
<latexit sha1_base64="cZnIFDI5ou5TRLHo7kpcAhbh5Qg="></latexit>

L�1(0) := {z 2 X | L(z) = 0} = NE(F)
<latexit sha1_base64="LXBe6bAFiYmtN1vN6DEvHPjsRU4="></latexit>

 0 by contractivity
<latexit sha1_base64="WfHsFzx7G6I695PzubuzvoNYQrw="></latexit>

� 0 by PC
<latexit sha1_base64="pvS+fSu8FOuro4fw9e+iVm/9OhM="></latexit>

IBNN (r̂) =
1

2

nX

i=1

[r̂i]
2
+, z 2 X, r 2 Rn

<latexit sha1_base64="LZh+zgOpQM8f92S3ohS7gQp9fqk="></latexit>

Proving global asymptotic stability of NE(F)
<latexit sha1_base64="xlj5lUwXmZLRtgZ/YvNVzZmOnwc="></latexit>

Define a Lyapunov function L(z) := IBNN
�
r̂
���

ri=Fi(z)
<latexit sha1_base64="8QuLHlg7CkgVXAazzaEtYRAz2Uw="></latexit>

Contractive P.G.: Stability Under BNN
<latexit sha1_base64="qOYjoLqv6fMCRv1cTzJaO8Rwf0o=">AAACFHicbVA9SwNBEN2LXzF+nVraLAZBEI67iChWEgutJKIxgSSEvc1El+ztHbtzQjjyI2z8KzYWitha2Plv3MQUmvhg4PHeDDPzwkQKg77/5eRmZufmF/KLhaXlldU1d33jxsSp5lDlsYx1PWQGpFBQRYES6okGFoUSamHvdOjX7kEbEatr7CfQititEl3BGVqp7e5lTYH0NFaoGUdxD7TinXnH9ApZKKTAPq2qDmhavrgYtN2i7/kj0GkSjEmRjFFpu5/NTszTCBRyyYxpBH6CrYxpFFzCoNBMDSSM99gtNCxVLALTykZPDeiOVTq0G2tbCulI/T2RsciYfhTazojhnZn0huJ/XiPF7lErEypJERT/WdRNJcWYDhOiHaGBo+xbwrgW9lbK79gwHptjwYYQTL48TW5KXrDvHVyWiiflcRx5skW2yS4JyCE5IeekQqqEkwfyRF7Iq/PoPDtvzvtPa84Zz2ySP3A+vgHbJZ1v</latexit>



(Excess Payo↵ Target (EPT) EDM)
A given protocol T yields an EPT EDM if it can be written as:

Tij(r, z) = T EPT
j (r̂)

r̂i
def
= ri � 1

m

Pn
i=1 rizi

, r 2 Rn, z 2 X

where T EPT : Rn
⇤ ! Rn

+ is a Lipschitz continuous map, r̂ is the vector of
excess payo↵ relative to the population average and Rn

⇤ = Rn � int(Rn
�) is the

set of possible excess payo↵ vectors. In addition, T EPT must satisfy the following
acuteness condition:

r̂TT EPT(r̂) > 0, r̂ 2 int(Rn
⇤ )

<latexit sha1_base64="cpra63mGozrdUNeKK+eWUmNV82o="></latexit>

Contractive P.G.: Stability Under EPT
<latexit sha1_base64="6GS1kKK4ltkIHATGY/DBa4XgAX0=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQkgqongSi+ixotVCW8pmO7VLN5uwOxFK6I/w4l/x4kERrx68+W/c1By0+mDg8d4MM/OCWAqDnvfpTE3PzM7NFxaKi0vLK6ultfVrEyWaQ51HMtKNgBmQQkEdBUpoxBpYGEi4CQbVzL+5A21EpK5wGEM7ZLdK9ARnaKVOaTdtCaTVSKFmHMUd0Jp75h7RS2SBkAKHtK66oOlp7WrUKZU91xuD/iV+TsokR61T+mh1I56EoJBLZkzT92Jsp0yj4BJGxVZiIGZ8wG6haaliIZh2On5qRLet0qW9SNtSSMfqz4mUhcYMw8B2hgz7ZtLLxP+8ZoK9w3YqVJwgKP69qJdIihHNEqJdoYGjHFrCuBb2Vsr7LIvH5li0IfiTL/8l1xXX33P3Lyrl45M8jgLZJFtkh/jkgByTc1IjdcLJPXkkz+TFeXCenFfn7bt1yslnNsgvOO9f6+Sdeg==</latexit>



(Excess Payo↵ Target (EPT) EDM)
A given protocol T yields an EPT EDM if it can be written as:

Tij(r, z) = T EPT
j (r̂)

r̂i
def
= ri � 1

m

Pn
i=1 rizi

, r 2 Rn, z 2 X

where T EPT : Rn
⇤ ! Rn

+ is a Lipschitz continuous map, r̂ is the vector of
excess payo↵ relative to the population average and Rn

⇤ = Rn � int(Rn
�) is the

set of possible excess payo↵ vectors. In addition, T EPT must satisfy the following
acuteness condition:

r̂TT EPT(r̂) > 0, r̂ 2 int(Rn
⇤ )

<latexit sha1_base64="cpra63mGozrdUNeKK+eWUmNV82o="></latexit>

(Integrable EPT EDM) A given EPT protocol T EPT : Rn
⇤ ! Rn

+ is integrable
if there is a continuously di↵erentiable function IEPT : Rn ! R such that the
following holds:

T EPT(r̂) = rIEPT(r̂), r̂ 2 Rn
⇤

We refer to IEPT as the revision potential of T EPT.
<latexit sha1_base64="2Lk4RjdvenEX4UkSGhMa9Pq9IMI="></latexit>

Contractive P.G.: Stability Under EPT
<latexit sha1_base64="6GS1kKK4ltkIHATGY/DBa4XgAX0=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQkgqongSi+ixotVCW8pmO7VLN5uwOxFK6I/w4l/x4kERrx68+W/c1By0+mDg8d4MM/OCWAqDnvfpTE3PzM7NFxaKi0vLK6ultfVrEyWaQ51HMtKNgBmQQkEdBUpoxBpYGEi4CQbVzL+5A21EpK5wGEM7ZLdK9ARnaKVOaTdtCaTVSKFmHMUd0Jp75h7RS2SBkAKHtK66oOlp7WrUKZU91xuD/iV+TsokR61T+mh1I56EoJBLZkzT92Jsp0yj4BJGxVZiIGZ8wG6haaliIZh2On5qRLet0qW9SNtSSMfqz4mUhcYMw8B2hgz7ZtLLxP+8ZoK9w3YqVJwgKP69qJdIihHNEqJdoYGjHFrCuBb2Vsr7LIvH5li0IfiTL/8l1xXX33P3Lyrl45M8jgLZJFtkh/jkgByTc1IjdcLJPXkkz+TFeXCenFfn7bt1yslnNsgvOO9f6+Sdeg==</latexit>



(Excess Payo↵ Target (EPT) EDM)
A given protocol T yields an EPT EDM if it can be written as:

Tij(r, z) = T EPT
j (r̂)

r̂i
def
= ri � 1

m

Pn
i=1 rizi

, r 2 Rn, z 2 X

where T EPT : Rn
⇤ ! Rn

+ is a Lipschitz continuous map, r̂ is the vector of
excess payo↵ relative to the population average and Rn

⇤ = Rn � int(Rn
�) is the

set of possible excess payo↵ vectors. In addition, T EPT must satisfy the following
acuteness condition:

r̂TT EPT(r̂) > 0, r̂ 2 int(Rn
⇤ )

<latexit sha1_base64="cpra63mGozrdUNeKK+eWUmNV82o="></latexit>

(Integrable EPT EDM) A given EPT protocol T EPT : Rn
⇤ ! Rn

+ is integrable
if there is a continuously di↵erentiable function IEPT : Rn ! R such that the
following holds:

T EPT(r̂) = rIEPT(r̂), r̂ 2 Rn
⇤

We refer to IEPT as the revision potential of T EPT.
<latexit sha1_base64="2Lk4RjdvenEX4UkSGhMa9Pq9IMI="></latexit>

Integrable EPT EDM satisfies NS and PC.
<latexit sha1_base64="kZPzrMyC/mIeI0Pqfea9pC0cc7Y="></latexit>

Contractive P.G.: Stability Under EPT
<latexit sha1_base64="6GS1kKK4ltkIHATGY/DBa4XgAX0=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQkgqongSi+ixotVCW8pmO7VLN5uwOxFK6I/w4l/x4kERrx68+W/c1By0+mDg8d4MM/OCWAqDnvfpTE3PzM7NFxaKi0vLK6ultfVrEyWaQ51HMtKNgBmQQkEdBUpoxBpYGEi4CQbVzL+5A21EpK5wGEM7ZLdK9ARnaKVOaTdtCaTVSKFmHMUd0Jp75h7RS2SBkAKHtK66oOlp7WrUKZU91xuD/iV+TsokR61T+mh1I56EoJBLZkzT92Jsp0yj4BJGxVZiIGZ8wG6haaliIZh2On5qRLet0qW9SNtSSMfqz4mUhcYMw8B2hgz7ZtLLxP+8ZoK9w3YqVJwgKP69qJdIihHNEqJdoYGjHFrCuBb2Vsr7LIvH5li0IfiTL/8l1xXX33P3Lyrl45M8jgLZJFtkh/jkgByTc1IjdcLJPXkkz+TFeXCenFfn7bt1yslnNsgvOO9f6+Sdeg==</latexit>



Global asymptotic stability of NE for EPT EDM
<latexit sha1_base64="yc/JJARKmI+knhKsBs36t3sNgdQ="></latexit>

(Excess Payo↵ Target (EPT) EDM)
A given protocol T yields an EPT EDM if it can be written as:

Tij(r, z) = T EPT
j (r̂)

r̂i
def
= ri � 1

m

Pn
i=1 rizi

, r 2 Rn, z 2 X

where T EPT : Rn
⇤ ! Rn

+ is a Lipschitz continuous map, r̂ is the vector of
excess payo↵ relative to the population average and Rn

⇤ = Rn � int(Rn
�) is the

set of possible excess payo↵ vectors. In addition, T EPT must satisfy the following
acuteness condition:

r̂TT EPT(r̂) > 0, r̂ 2 int(Rn
⇤ )

<latexit sha1_base64="cpra63mGozrdUNeKK+eWUmNV82o="></latexit>

(Integrable EPT EDM) A given EPT protocol T EPT : Rn
⇤ ! Rn

+ is integrable
if there is a continuously di↵erentiable function IEPT : Rn ! R such that the
following holds:

T EPT(r̂) = rIEPT(r̂), r̂ 2 Rn
⇤

We refer to IEPT as the revision potential of T EPT.
<latexit sha1_base64="2Lk4RjdvenEX4UkSGhMa9Pq9IMI="></latexit>

Consider that F is C1 and contractive. Let a mean dynamics be formed by an
integrable EPT EDM and F . The set NE(F) is globally asymptotically stable.

<latexit sha1_base64="4dfKlkg4qMfxosbz0Jxjhe4169E="></latexit>

(Park, Martins, Shamma in CDC’19 and ArXiv’19)
<latexit sha1_base64="eVn/BMHcYPomwJ7PDKpx3WuHIV4="></latexit>

Theorem
<latexit sha1_base64="GzoXdKVA5wGkxXvEBSEgdeqd0B8="></latexit>

Contractive P.G.: Stability Under EPT
<latexit sha1_base64="6GS1kKK4ltkIHATGY/DBa4XgAX0=">AAACFHicbVBNS8NAEN34WetX1aOXxSIIQkgqongSi+ixotVCW8pmO7VLN5uwOxFK6I/w4l/x4kERrx68+W/c1By0+mDg8d4MM/OCWAqDnvfpTE3PzM7NFxaKi0vLK6ultfVrEyWaQ51HMtKNgBmQQkEdBUpoxBpYGEi4CQbVzL+5A21EpK5wGEM7ZLdK9ARnaKVOaTdtCaTVSKFmHMUd0Jp75h7RS2SBkAKHtK66oOlp7WrUKZU91xuD/iV+TsokR61T+mh1I56EoJBLZkzT92Jsp0yj4BJGxVZiIGZ8wG6haaliIZh2On5qRLet0qW9SNtSSMfqz4mUhcYMw8B2hgz7ZtLLxP+8ZoK9w3YqVJwgKP69qJdIihHNEqJdoYGjHFrCuBb2Vsr7LIvH5li0IfiTL/8l1xXX33P3Lyrl45M8jgLZJFtkh/jkgByTc1IjdcLJPXkkz+TFeXCenFfn7bt1yslnNsgvOO9f6+Sdeg==</latexit>



(Impartial Pairwise Comparison (IPC) EDM) A given protocol T yields
an impartial pairwise comparison (IPC) EDM if it can be written as:

Tij(r, z) = T IPC
j (rj � ri), r 2 Rn, z 2 X

where T IPC : Rn ! Rn
+ is a Lipschitz continuous map, which also satisfies the

following sign preservation condition:

(
T IPC
j (rj � ri) > 0, if rj > ri

T IPC
j (rj � ri) = 0, if rj  ri

, r 2 Rn

<latexit sha1_base64="3dS0hJ1zpfMlCgcQ/uof9dUtCFY="></latexit>

Contractive P.G.: Stability Under IPC
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(Impartial Pairwise Comparison (IPC) EDM) A given protocol T yields
an impartial pairwise comparison (IPC) EDM if it can be written as:

Tij(r, z) = T IPC
j (rj � ri), r 2 Rn, z 2 X

where T IPC : Rn ! Rn
+ is a Lipschitz continuous map, which also satisfies the

following sign preservation condition:

(
T IPC
j (rj � ri) > 0, if rj > ri

T IPC
j (rj � ri) = 0, if rj  ri

, r 2 Rn

<latexit sha1_base64="3dS0hJ1zpfMlCgcQ/uof9dUtCFY="></latexit>

Contractive P.G.: Stability Under IPC
<latexit sha1_base64="c1Y2ddg31mp2cOpQvVyljJav9Ss=">AAACFHicbVA9SwNBEN2LXzF+RS1tFoMgCMddRBSrYAq1i2iikISwt5kki3t7x+6cEI78CBv/io2FIrYWdv4bNx+FJj4YeLw3w8y8IJbCoOd9O5m5+YXFpexybmV1bX0jv7lVM1GiOVR5JCN9FzADUiiookAJd7EGFgYSboP78tC/fQBtRKRusB9DM2RdJTqCM7RSK3+QNgTScqRQM47iAWjFPXdP6TWyQEiBfVpVbdD0slIetPIFz/VGoLPEn5ACmaDSyn812hFPQlDIJTOm7nsxNlOmUXAJg1wjMRAzfs+6ULdUsRBMMx09NaB7VmnTTqRtKaQj9fdEykJj+mFgO0OGPTPtDcX/vHqCnZNmKlScICg+XtRJJMWIDhOibaGBo+xbwrgW9lbKe2wYj80xZ0Pwp1+eJbWi6x+6R1fFQulsEkeW7JBdsk98ckxK5IJUSJVw8kieySt5c56cF+fd+Ri3ZpzJzDb5A+fzB9grnW0=</latexit>

IPC EDM satisfies NS and PC.
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L(z) :=
nX

i=1

nX

j=1

zi

Z Fj(z)�Fi(z)

0
T IPC
j (⌧) d⌧, z 2 X
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The following is a Lyapunov function
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T Smith
ij (z, r) := [rj � ri]+, r 2 Rn, z 2 X
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Example:
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Consider that F is C1 and contractive. Let a mean dynamics be formed by an
integrable IPC EDM and F . The set NE(F) is globally asymptotically stable.
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(Hofbauer and Sandholm, 2009)
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Theorem
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Thanks for support by
<latexit sha1_base64="VbdrxAITOFAY3gCZFK/sx8Z87Is=">AAACBHicbVC7TsNAEDzzDOFloExzIkKiiuwgBGUEDWWQ8pISKzpfzskp5zvrbo1kWSlo+BUaChCi5SPo+BscxwUkTDWa2dXOjh8JbsBxvq219Y3Nre3STnl3b//g0D467hgVa8raVAmlez4xTHDJ2sBBsF6kGQl9wbr+9Hbudx+YNlzJFiQR80IyljzglEAmDe1KOuCAWxMipwYHSmMTR5HSgP1kNrSrTs3JgVeJW5AqKtAc2l+DkaJxyCRQQYzpu04EXko0cCrYrDyIDYsInZIx62dUkpAZL82fmOGzTBnlEQIlAefq742UhMYkoZ9NhgQmZtmbi/95/RiCay/lMoqBSbo4FMQCg8LzRvCIa0ZBJBkhVPMsK6YTogmFrLdyVoK7/PIq6dRr7kXt8r5ebdwUdZRQBZ2ic+SiK9RAd6iJ2oiiR/SMXtGb9WS9WO/Wx2J0zSp2TtAfWJ8/oN+YFw==</latexit>

Brief Summary and Thanks
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Recap of basic formulation
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EDM Concepts: NS and PC
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Contractive games
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Systematic method to establish GAS of NE(F)
<latexit sha1_base64="jz1N1FFbtFz7PGr76RdwRzkwM18="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

p(t)
<latexit sha1_base64="mGPGkwiuQp/pFsdrtsrDu3YCEG8="></latexit>

ẋ(t)
<latexit sha1_base64="Q0ZPhDBB2iGhEVe3u5gkJEpf+Rk="></latexit>

(PC)
<latexit sha1_base64="2y5T0fgP1zxjx9n4OYtX4YLJ9BA="></latexit>

ṗ(t)
<latexit sha1_base64="UAXFDBKntnst8e9/vNPIktDnIY0="></latexit>

contractive F
<latexit sha1_base64="bv1UifC3pTalTQz2a3B6co0SttI="></latexit>

ṗ(t)T ẋ(t)  0
<latexit sha1_base64="EvvlO3viyD7EdGU/wn58G1HmWEQ="></latexit>
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