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Evolutionary game theory

Evolutionary Game Theory
=

Population Games + Evolutionary Dynamics
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Applications

Modeling strategic interactions among large numbers

Networks, Evolutionary Biology, Social Learning,...
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Population games: Setup

Distribution of subpopulation types:

x = (x1, x2, ..., xn) ∈ ∆

xi is fraction of type i

Vector of fitness levels:

p = (p1, p2, ..., pn)

Fitness is function of distribution:

F : ∆→ Rn

p = F (x)
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Evolutionary dynamics

How do subpopulation sizes evolve in reaction to fitness levels?

Example: Replicator dynamics

ẋi = (Fi (x)−

average
fitness︷ ︸︸ ︷

xTF (x))︸ ︷︷ ︸
growth rate

xi

46%

16%

38%

Subpopulation Sizes

1 2 3
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

Fitness Levels
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Feedback perspective

Viewpoint: Detach population game from dynamics

Evolution: Maps payoffs to distributions
Game: Maps distributions to payoffs

Replicator revisited:

ẋi = (pi − xTp)xi

p = F (x)

Park, Martins, & Shamma 6/29 IEEE CDC 2019



Feedback perspective, cont

Appeal:

Bring to bear arsenal of feedback system analysis tools

Address broader framework beyond traditional scope

Specific interest: “Higher order” Evolutionary Game Theory
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“Higher order” evolutionary game theory

vs

Evolutionary
Dynamics

Static
Game

Payoff
Modification

(a)

Evolutionary
Dynamics

Static
Game

Payoff
Modification

(b)

x x

pp

p~ p~
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Outline

Population games: Motivation and foundational concepts
Shamma

Stability analysis: Potential and contractive games
Martins

From population games to payoff dynamics models:
A passivity-based approach

Park
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Finite population games

Finite number of players: N

Finite set of player strategies (was “types”): S = {1, 2, ..., n}
Fraction of users using strategy i : xi

Population distribution:

x = (x1, x2, ..., xn) ∈ ∆

Finiteness implies discretized subset of ∆

N = 5

n = 3

N = 10

n = 3

N = 20

n = 3
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Finite population games, cont

Vector of fitness levels:

p = (p1, p2, ..., pn)

Fitness is function of population:

F : ∆→ Rn

p = F (x)

As before, F (·) evaluated on discretized subset of ∆

Feature: Anonymity among agents
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Example: Congestion

Strategy = Path from start to finish, e.g.,

i = {r1, r2, ..., rm}

Load of road `r depends on paths that use r :

`r (x) =
∑
i :r∈i

xi

Congestion on a road depends on overall load:

φr (`r (x))

Fitness of strategy (path) i :

Fi (x) = −
∑
r∈i

φr (`r (x))

Note: Negative sign turns penalty into reward.
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Example: Language evolution

A “language” L is a pair of matrices (P,Q)

Binary elements, row sum = 1
Speaker matrix: P : events→ words
Hearer matrix: Q : words→ events

Illustration:

P =

α β γ
A 1 0 0
B 1 0 0
C 0 1 0

Q =

A B C
α 1 0 0
β 0 1 0
γ 0 0 1

Fitness of language Li = (Pi ,Qi ):

Fi (x) = tr

[
1

N

N∑
m=1

(PiQm + PmQi )

]
(agent level)

= tr

[
n∑

k=1

xk(PiQk + PkQi )

]
(strategy level)
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Example: Random pairwise competition

Payoff matrix, A:

Aij = payoff to i vs opponent strategy j

Rock-paper-scissors:

A =

 0 −1 1
1 0 −1
−1 1 0


Fitness is expected payoff to random opponent:

Fi (x) =
n∑

j=1

Aijxj

or
F (x) = Ax
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Nash equilibrium

Nash equilibrium, x∗ ∈ ∆:

Let p∗ = F (x∗)
x∗i > 0⇒ p∗i ≥ p∗j , ∀j ∈ S .

Main idea: Users of a NE strategy have no incentive to switch.

Examples:

Congestion: All active paths have equal congestion.
Language:

Unanimous use of self-consistent language, i.e., P = QT

Interior NE possible

RPS: (1/3, 1/3, 1/3)
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Evolutionary dynamics: Revision protocols

“The attainment of equilibrium requires a disequilibrium process.”

Arrow, 1987.

Stages: τ = 0, 1, 2, ...

At stage τ a single player is randomly selected (e.g., strategy i)

Revision protocol:

ρij(x ;F ) = probability of player switching from i to j

Feature: Myopic & memoryless
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Revision protocol examples

p = F (x)

Pairwise proportional difference:

ρij(x ;F ) = xj [pj − pi ]+

Optimal imitation:

ρij(x ;F ) = 1, if pj ≥ pk ,∀k

Logit imitation:

ρij(x ;F ) =
1

Z
epj/T

Comparison to mean:

ρij(x ;F ) = [pj − xTp]+

Pairwise difference:

ρij(x ;F ) = [pj − pi ]+
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Analysis

Revision protocol induces a Markov Chain over discretized simplex

Analysis questions:

Asymptotic behavior?
Transient behavior?
For large N?
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Mean dynamics

Associate discrete stages with continuous time:

τ = 0, 1, 2, ...⇐⇒ t = 0,
1

N
,

2

N
, ...

Note: Dependence on N

Define number of i-types: ξi = xi · N

Over a continuous time interval, h:

Number of events: N · h
Expected times i th-strategy chosen: xi · Nh = ξih
Expected number of switches to j : ρij(x ;F ) · ξih
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Mean dynamics, cont

Expected change over h:

Nxi (t + h) = ξi (t + h)

= Nxi (t) +
n∑

j=1

ρji (x)ξjh︸ ︷︷ ︸
expected from j

−
n∑

j=1

ρij(x)ξih︸ ︷︷ ︸
expected to j

or (divide by N)

xi (t + h) = xi (t) + h

 n∑
j=1

ρji (x ;F )xj −
n∑

j=1

ρij(x ;F )xi



⇓

ẋi =
n∑

j=1

ρji (x ;F )xj −
n∑

j=1

ρij(x ;F )xi
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Mean dynamics examples

Pairwise proportional difference (Replicator): ρij(x ;F ) = xj [pj − pi ]+

ẋi = (pi − xTp)xi

Optimal imitation (best response): ρij(x ;F ) = 1, if pj ≥ pk ,∀k

ẋ ∈ σmax(p)− x

Logit imitation (logit): ρij(x ;F ) = 1
Z e

pj/T

ẋ = σsoftMax(p;T )− x

Comparison to mean (BNN): ρij(x ;F ) = [pj − xTp]+

ẋi = (pi − xTp)+ − xi · xT(p − xTp)+

Pairwise difference (Smith): ρij(x ;F ) = [pj − pi ]+

ẋi =
n∑

j=1

xj(pi − pj)+ − xi

n∑
j=1

(pj − pi )+

Park, Martins, & Shamma 21/29 IEEE CDC 2019



Mean dynamics examples

Pairwise proportional difference (Replicator): ρij(x ;F ) = xj [pj − pi ]+
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ẋ ∈ σmax(p)− x

Logit imitation (logit): ρij(x ;F ) = 1
Z e

pj/T
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RPS simulations (Sandholm, 2015)
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Finite horizon approximation

Setup:

XN
t : Interpolated1 solution to stochastic discrete dynamics

XN
0 : Initial condition of stochastic dynamics

xt : Solution of mean dynamic
xo : Initial condition of mean dynamic
Assume: limN→∞ XN

0 → xo

Theorem

For any T <∞ (horizon) and ε > 0 (accuracy),

lim
N→∞

Pr

[
sup

t∈[0,T ]

∣∣XN
t − xt

∣∣ < ε

]
= 1.

Benäım & Weibull, “Deterministic approximation of stochastic evolution in games”,

Econometrica, 2003.

1t ∈ [τ/N, (τ + 1)/N]
Park, Martins, & Shamma 23/29 IEEE CDC 2019
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Interpretation

Theorem

For any T <∞ (horizon) and ε > 0 (accuracy),

lim
N→∞

Pr

[
sup

t∈[0,T ]

∣∣XN
t − xt

∣∣ < ε

]
= 1.

For large N, mean dynamic approximates stochastic evolution with
high probability.

Deterministic attractor ⇒ Metastable stochastic state

Park, Martins, & Shamma 24/29 IEEE CDC 2019



Caution: Finite horizon vs asymptotic

Setup: Susceptible-Infected-Susceptible (SIS) dynamics

Two populations: Susceptible (x) & Infected (1 - x)
Revision protocol:

ρSI (x) = α(1− x) & ρIS(x) = β

Mean dynamic:

ẋ = (1− x)β − x(1− x)α

= (x − 1)(αx − β)

α > β =⇒ x∗ = β/α is a global attractor

Comparisons:

Asymptotic behavior: All cured
Implication: Arbitrarily long—but finite—time at x∗ = β/α
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Stability analysis preview: ESS

Motivation: Is a population susceptible to invasion?

Invasion:

Let x ∈ ∆ be an incumbent and y ∈ ∆ be an invading mixture
Overall population: (1− ε)x + εy
ε� 1

ESS: A mixture x is an Evolutionarily Stable Strategy if

xTF
(
(1− ε)x + εy

)
> yTF

(
(1− ε)x + εy

)
Note: ESS ⊂ NE

Interpretation: x fares better than y in the new mix.
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ESS + Replicator

ẋi = (Fi (x)−

average
fitness︷ ︸︸ ︷

xTF (x))︸ ︷︷ ︸
growth rate

xi

Theorem

Let x∗ be an ESS. Then x∗ is locally asymptotically stable under
replicator dynamics.

Theorem

Let x∗ be an interior equilibrium of a 2-population zero sum game. Then
x∗ is unstable under replicator dynamics.

Upcoming : Families of games + Families of dynamics

Sandholm, Population Games, 2010.
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Recap

Population game: Defined by F (x)

Generalization: Multi-population game, e.g.,

p = F (x , y) & q = G (x , y)

with x , y ∈ ∆.

Multiple source-destination pairs.

Evolutionary dynamics:
Stochastic finite population
Deterministic infinite population

Analysis:
Asymptotic: Stationary distributions & stochastic stability
Finite-horizon: Mean dynamics
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Outline

Population games: Motivation and foundational concepts
Shamma

Stability analysis: Potential and contractive games
Martins

From population games to payoff dynamics models:
A passivity-based approach

Park
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